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Abstract

In this paper we study the consistency of different bootstrap methods for making inference
on Manski’s maximum score estimator. We propose three new, model-based bootstrap proce-
dures for this problem and prove their consistency. Simulation experiments are carried out to
evaluate their performance and to compare them with the m-out-of-n bootstrap method. Our
results indicate that one of our proposed methods, the smooth bootstrap (see Section 2.2.4),
outperforms all the others. Moreover, we also conclude that the other two proposed procedures,
fixed and random design residual bootstraps (see Sections 2.2.2 and 2.2.3, respectively), perform
at least as well as the m-out-of-n bootstrap procedure while being less dependent on the choice
of tuning parameter(s). We provide a set of sufficient conditions for the consistency of any
bootstrap method in this problem. Additionally, we prove a convergence theorem for triangular
arrays of random variables arising from binary choice models, which may be of independent

interest.

1 Introduction
Consider a (latent-variable) binary response model of the form

Y = 1grxivso

where 1 is the indicator function, X is an R%valued, continuous random vector of ex-
planatory variables, U is an unobserved random variable and 3, € R? is an unknown
vector with |y| = 1. The parameter of interest is y. If the conditional distribution
of U given X is known up to a finite set of parameters, maximum likelihood tech-

niques can be used for estimation, among other methods; see, for example, McFadden



(1974). The parametric assumption on U may be relaxed in several ways. For in-
stance, if U and X are independent or if the distribution of U depends on X only
through the index I X, the semiparametric estimators of Han (1987), Horowitz and
Hérdle (1996), Powell and Stoker (1989), and Sherman (1993) can be used; also see
Cosslett (1983). The maximum score estimator considered by Manski (1975) permits
the distribution of U to depend on X in an unknown and very general way (het-
eroscedasticity of unknown form). The model replaced parametric assumptions on
the error disturbance U with a conditional median restriction, i.e., med (U|X) = 0,
where med (U|X) represents the conditional median of U given X. Given n obser-
vations (X1, Y1),...,(X,,Y,) from such a model, Manski (1975) defined a mazimum
score estimator as any maximizer of the objective function Z?:l (Y} — %) 1grx,>0
over the unit sphere in R?.

The asymptotics of the maximum score estimator are well-known. Under some
regularity conditions, the estimator was shown to be strongly consistent in Manski
(1985) and its asymptotic distribution was derived in Kim and Pollard (1990) (also see
Cavanagh (1987)). However, the complicated nature of its limit law (which depends,
among other parameters, on the conditional distribution of U given X for values of
X on the hyperplane {x € R? : 8Tz = 0}) and the fact that it exhibits nonstandard
asymptotics (cube-root rate of convergence) have made it difficult to do inference for
the maximum score estimator under the complete generality of the model. Hence,
many authors have proposed different estimation and inference procedures that work
under stronger assumptions on the conditional distribution of U given X; see e.g.,
Horowitz (1992) and Horowitz (2002).

In this context, the bootstrap stands out as a natural method for inference. Boot-
strap methods avoid the problem of estimating nuisance parameters and are gener-
ally reliable in problems with y/n convergence rates; see Bickel and Freedman (1981),
Singh (1981), Shao and Tu (1995) and its references. Unfortunately, the classical
bootstrap (drawing n observations with replacement from the original data) is incon-

sistent for the maximum score estimator as shown in Abrevaya and Huang (2005). In



fact, the bootstrap estimator can behave quite erratically in cube-root convergence
problems. For instance, it was shown in Sen et al. (2010) that for the Grenander esti-
mator (the nonparametric maximum likelihood estimator of a non-increasing density
on [0, 00)), a prototypical example of cube-root asymptotics, the bootstrap estimator
is not only inconsistent but has no weak limit in probability. This stronger result
should also hold for the maximum score estimator (for numerical and graphical evi-
dence see Section 5 and, in particular, Figure 1). These findings contradict some of
the results of Abrevaya and Huang (2005) (especially Theorem 4 and the conclusions
of Section 4 of that paper) where it is claimed that for some single-parameter estima-
tors a simple method for inference based upon the naive bootstrap can be developed
in spite of its inconsistency.

Thus, in order to apply the bootstrap to this problem some modifications of the
classical approach are required. Two variants of the classical bootstrap that can be
applied in this situation are the so-called m-out-of-n bootstrap and subsampling. The
performance of subsampling for inference on the maximum score estimator has been
studied in Delgado et al. (2001). The consistency of the m-out-of-n bootstrap can
be deduced from the results in Lee and Pun (2006). Despite their simplicity, the
reliability of both methods depends crucially on the size of the subsample (the m in
the m-out-of-n bootstrap and the block size in subsampling) and a proper choice of
this tuning parameter is difficult. Thus, it would be desirable to have alternative,
more automated and consistent bootstrap procedures for inference in the general
setting of the binary choice model of Manski.

In this paper we propose three model-based bootstrap procedures (i.e., procedures
that use the model setup and assumptions explicitly to construct bootstrap schemes;
see Section 2 for the details) that provide an alternative to subsampling and the
m-out-of-n bootstrap methods. We prove that these procedures are consistent for
the maximum score estimator under quite general assumptions. In doing so, we
also prove a general convergence theorem for triangular arrays of random variables

coming from binary choice models that can be used to verify the consistency of any



bootstrap scheme in this setup. We derive our results in greater generality than
most authors by assuming that 3, belongs to the unit sphere in R? as opposed to
fixing its first co-ordinate to be 1 (as in Abrevaya and Huang (2005)). To make
the final results more accessible we express them in terms of integrals with respect
to the Lebesgue measure as opposed to surface measures, as in Kim and Pollard
(1990). In addition, we run simulation experiments to compare the finite sample
performances of the different bootstrap procedures. Our results indicate that one of
our proposed methods, the smooth bootstrap (see Section 2.2.4),; outperforms all the
others. Moreover, we also conclude that the other two proposed procedures, fixed
and random design residual bootstraps (see Sections 2.2.2 and 2.2.3, respectively),
perform at least as well as the best m-out-of-n bootstrap procedures while being
less dependent on the choice of tuning parameters. Our analysis also illustrates the
inconsistency of the classical bootstrap. To the best of our knowledge, this paper is
the first attempt to understand the behavior of model-based bootstrap procedures
under very general heteroscedasticity assumptions for the maximum score estimator.

Our exposition is organized as follows: in Section 2 we introduce the model and our
assumptions (Section 2.1) and give a brief description of bootstrap and the bootstrap
procedures to be considered in this paper (Section 2.2). In Section 3 we prove a
general convergence theorem for triangular arrays of random variables coming from
binary choice models (see Theorem 3.1) that will be useful in verifying the consistency
of the proposed bootstrap schemes, investigated in Section 4. We study and compare
the finite sample performance of the different bootstrap schemes in Section 5 through
simulation experiments. Additionally, we include an Appendix (Sections A and B)

with some auxiliary results and some technical details omitted from the main text.



2 The model and the bootstrap procedures

2.1 The maximum score estimator

Consider a Borel probability measure P on R4, d > 2, such that if (X,U) ~ P then
X takes values in a closed, convex region X C R? with X° # () and U is a real-valued
random variable that satisfies med (U|X) = 0, where med (-) represents the median.
We only observe (X,Y) where YV := 1srx >0 for some Sy € S41 where S471 is
the unit sphere in R? (with respect to the Euclidian norm). We assume that, under
P, X has a continuous distribution with a strictly positive density p on X° which
is continuously differentiable on X° and such that Vp is integrable (with respect to

Lebesgue measure) over X. We take the function
k(z) =P =1|X =2)=P (B X +U > 0|X =) (1)

to be continuously differentiable on X°. Finally, we suppose that the set {z €
X° : Vi(z)TBy > 0} intersects the hyperplane {x € R? : Bz = 0} and that
/|V/{(z)|xpr(x) dx is well-defined.

Observe that Y|X = = ~ Bernoulli(k(z)) and this plays a crucial role in the
sequel. Our approach is model-based and it exploits the above relationship be-
tween Y and X using a non-parametric estimator of x(z). The median restriction
med (U|X) = 0 on the unobserved variable U implies that Iz > 0 if and only if
k(z) > 1/2 for all x € X.

Given observations (X1,Y)),. .., (X,,Y,) from such a model, we wish to estimate
By € S A maximum score estimator of 3, is any element Bn € S that satisfies:

B, := argmax {l z": (Y] — 1) 1BTX.>O} : (2)

pesit | M 2 7=
Note that there may be many elements of S1 that satisfy (2). We will focus on
measurable selections of maximum score estimators, that is, we will assume that we
can compute the estimator in such a way that Bn is measurable (this is justified in
view of the measurable selection theorem, see Chapter 8 of Aubin and Frankowska

(2009)). We make this assumption to avoid the use of outer probabilities.



Our regularity conditions are similar to those in Example 6.4 of Kim and Pollard
(1990) and imply those in Manski (1985). Hence, a consequence of Lemmas 2 and 3 in
Manski (1985) is that the parameter [, is identifiable and the unique maximizer of the
process I'(B) =P [(Y — %) 1gr Xzo]' Similarly, Theorem 1 in the same paper implies

. A . . . A a.s.
that if (3,)22, is any sequence of maximum score estimators, we have 3, — fy.

2.2 The bootstrap schemes

We want to investigate the consistency of different bootstrap procedures for con-
structing confidence regions for ;. We start by briefly reviewing the bootstrap.
Given a sample W,, = {W, W,, ..., W,} % L from an unknown distribution L on
some Euclidean space (or, more generally, on some Polish space), suppose that the
distribution function G,, of some random variable V,, = V,,(W,,, L) is of interest; V,,

is usually called a root and it can in general be any measurable function of the data

and the distribution L. The bootstrap method can be broken into three simple steps:
(i) Construct an estimator L, of L from W,,.

(ii) Generate Wy, = {Wy,... ., Wy } N L, given W,,.

(iii) Estimate G, by G,, the conditional distribution of V,(W*, L,) given W,,.

Let p denote the Prokhorov metric or any other metric metrizing weak convergence
of probability measures. We say that G, is consistent if (G, @n) LN 0; if G,, has a
weak limit G, this is equivalent to G converging weakly to G in probability. Similarly,
Gn is strongly consistent if p(G,,, Gn) 230. Intuitively, an f/n that mimics the essential
properties of the underlying distribution L can be expected to perform well. The
choice of Ly, mostly considered in the literature is the empirical distribution function
(EDF). Despite being a good estimator in many situations, the EDF can fail to
capture some properties of L that may be crucial for the problem under consideration.
This is especially true in nonstandard problems and, in particular, in the case of the
maximum score estimator: it was shown in Abrevaya and Huang (2005) that the EDF

bootstrap is inconsistent.



We will denote by 2 = o ((X,,,Ys),—,) the o-algebra generated by the sequence
(X, Vo), = (Xn,15(3p)(n+l,n2()):i1 with (Xo, Up), "2 P and write Py (1) =
P(|Z) and Ex () = E(-|2). We will approximate the distribution of A, =
n'/3(B, — By) by Py (A% < z), the conditional distribution of A* = my*(8% — B,),
and use this to build a CI for ), where [} is a maximum score estimator of [
obtained from the bootstrap sample and Bn is an estimator satisfying (2). In what
follows we will introduce 5 bootstrap procedures to do inference on the maximum
score estimator. We will prove the consistency of three of them using the results of
Section 3.

To guarantee the consistency of the bootstrap procedures we need to make the

following assumption on P.

(AO) There is » > 2 and a continuous, nonnegative, integrable function D : X —
R such that |k(z) — 1/2] < D(x)|pLx| for all z € X and the function ¢
P <|X|TD(X)T1|5OTX|§|X‘> is Lipschitz around 0.

Remark: Although condition (A0) is not common in the literature, it is indeed
satisfied in many frequently encountered situations. For instance, if P (|X]|") <
oo an Vk(X) is bounded on X, an application of the mean value theorem shows
that for any € X° there is 6, € [0,1] such that |x(z) — 1/2| = |k(z) — k(z —
(BTx)Bo)| = [(BTx)VE(x + 0,(BTx)Bs)T Bo| and hence (AO) holds (with D(z) =
|VE(x + 0,(88)B0)]). Thus (A0) will be true, in particular, if X is compact.

2.2.1 Scheme 1 (classical bootstrap)

Compute 3 from a random sample (X, Y,")), ..., (X ., Y, ,) from the EDF of the
data (X1,Y1),...,(Xn, Yn).
2.2.2 Scheme 2 (fixed design residual bootstrap)

A natural alternative to the classical with replacement bootstrap in a regression

context consists of sampling the “residuals” fixing the covariates. We will now present



a bootstrap procedure constructed in this manner. To construct the “residuals” we

explicitly model k(-), defined in (1).

(i) Use the data (Xi,Y1),...,(X,,Y,) to find a smooth approximation &, of
(e.g., using kernel regression procedures) satisfying the following properties: &,
converges to k uniformly on compact subsets of X° with probability (w.p.) 1
and there is ¢ > 1 such that p,(|&, — [’ = op(n=C+2/57) P(|&,(X) —
K(X)[F)Y = op(n=+2/3) and P <|X|q%ql> < oo, where r > 2 is given by
(A0) and p, is the empirical measure of Xi,..., X,.

(i) Let An(x) = Rn(®) 151, )-1/2)50 T %1ng(kn(w)_1/2)<o, where £, is a maximum

score estimator computed from the data.

(iii) Obtain independent random variables Y,*,,..., Y.’ such that

Y ~ Bernoulli(fn(X;)).

(iv) Let 8% be any minimizer of

Sn(ﬁ) = E ( nk 5) 1/3TXk20

k=1

Remark: Steps (i) and (ii) deserve comments. We start with (ii). Note that,
as opposed to &,, the modified estimator &, satisfies the inequality (87z)(kn(z) —
1/2) > 0 for all x € X. This inequality guarantees that the latent variable struc-
ture of P is reflected by the bootstrap sample. It implies the existence of inde-
pendent variables Uy, ..., Uy, such that med (Uy; ;| X7 .) = 0 and E (Y| X)) =
E (Lo us 20 Xi):

n“tn,j
With respect to (i), a reasonable question is that of whether or not the specified

s

rates are actually achievable. According to Stone (1982) the optimal and achiev-
able rate of convergence for estimating x nonparametrically is n~ @ if ks p times

continuously differentiable over X.



2.2.3 Scheme 3 (random design residual bootstrap)

As an alternative to fixing the predictor values, we can also generate them randomly
from the empirical distribution of the X’s. We describe the scheme below.

iid

(i) Sample X}, ..., X} "X iy, where g, is the empirical measure of X7, ..., X,,.

n,ls -
(ii) Do (i)—-(ii) of Scheme 2.

(iii) Obtain independent random variables Y,

w1 Yo, such that
Y ~ Bernoulli(fn(X; ;).

(iv) Compute 3 as a maximum score estimator from the bootstrap sample

(X2 Y (X2 V).

n,1» *n,l n,n’

2.2.4 Scheme 4 (smooth bootstrap)

It will be seen in Theorem 3.1 that the asymptotic distribution of A, depends on
the behavior of the distribution of X under P around the hyperplane H := {x €
R? : Iz = 0}. As the EDF is a discrete distribution, a smooth approximation
to F(-) == P(X € (+)), the law of X under P, might yield a better finite sample
approximation to the local behavior around H. Indeed our simulation studies clearly

illustrate this point (see Section 5). This scheme can be described as follows:

(i) Choose an appropriate nonparametric smoothing procedure (e.g., kernel density
estimation) to build a distribution F, with a density p,, such that ||Fn—F oo —25
0 and p,, — p pointwise on X° w.p. 1. Assume that, in addition, we have that
| — pll1 = Op(g,) for some sequence (g,)%, with &, = o(n='/?), where || - ||

stands for the LL; norm in R? with respect to Lebesgue measure.
(ii) Get i.i.d. replicates X, ,..., X}  from E,.

(iii) Do steps (ii)-(iv) of Scheme 3.



2.2.5 Scheme 5 (m-out-of-n bootstrap)

Consider an increasing sequence (m,, )2, with m, = o(n). Obtain a random sample
of size m,, from the EDF of the data and compute the maximum score estimator [

from it.

3 A convergence theorem

We will now present a convergence theorem for triangular arrays of random variables.
This theorem will be applied in Section 4 to prove the consistency of the bootstrap
procedures described in Sections 2.2.2, 2.2.3 and 2.2.4. We would like to point out
that the results of this section hold even if assumption (A0) of Section 2.2 is not
satisfied.

We start by introducing some notation. For a signed Borel measure p on some
metric space (X,p) and a Borel measurable function f : X — C which is either
integrable or nonnegative we will use the notation u(f) := [ fdy; if G is a class of
such functions on X we write [|u||g := sup{|u(f)| : f € G}. We will also make use
of the sup-norm notation, that is, for functions ¢ : X — R? G : X — R¥? we write
llgllx := sup{|g(z)| : * € X} and ||G||x := sup{||G(x)||2 : © € X}, where | - | stands for
the usual Euclidian norm and || - ||, denotes the matrix Ly-norm on the space R4
of all d x d real matrices (see Meyer (2001), page 281). We will regard the elements
of Euclidian spaces as column vectors.

Suppose that we are given a probability space (€2, A, P) and a triangular array of
random variables {(X,;, U ;) }1S}c,, where (m,)32, is a sequence of natural num-
bers satisfying m,, 1 oo, and X, ; and U, ; are R? and R valued random variables,
respectively. Furthermore, assume that the rows {(X,1,Un1), -y (Xnmns Unim,)}
are formed by independent random variables. Denote by Q, ; the distribution of
(Xn,j,Unj), 1 <5 <my, n €N and define the probability measure Q,, := min(in +

...+ Qum, ). Consider the class of functions
1 d
fa,ﬁ = 1,6’Tx+u20 - 5 104sz0 L@, 6 eR

10



and the class

Foo{ (s ) s e x).

Our assumptions on P imply that I'(8) = P(fs,4,) is twice continuously differentiable
on a neighborhood of Sy (see Lemma A.1) and that the Hessian matrix V2T'(3,) is
nonpositive definite on an open neighborhood U C R? of 3;. The main properties of
[' are established in Lemma A.1 of the Appendix.

We take the measures {Q,;}S}.,, to satisfy the following conditions:

(A1) ||Q, — P||= — 0 and the sequence of z-marginals {Q,((-) x R)}°2; is uniformly
tight.

(A2) If (X,U) ~ Q,; with X and U taking values in R? and R, respectively, then
med (U|X) = 0.

(A3) There are 3, € S¥ ! and a Borel measurable function s, : X — [0,1] such
that £, (z) = Q,;(BEX +U > 0|X = z) for all 1 < j < m, and k, converges
to x uniformly on compact subsets of X°. Moreover, there is v > 2 such that

P(|rin(X) — 6(X))Y" = o(my ).

(A4) Let F, i be a measurable envelope of the class of functions 7, x = {15750 —
lgry>0 ¢ |B— B < K}. Note that there are two small enough constants C, K, >
0 such that for any 0 < K < K, and n € N, F,, i can be taken to be of the
form 147,>05022 + 1aZaz0sp70 fOr K, Bx € R? satisfying |ax — Bx| < CK.
We assume that there exist Ry, Ay € (0, K, A 1] and a decreasing sequence
(€,)22, of positive numbers with €, | 0 such that for any n € N and for any

Aomﬁl/g < R < Ry we have

1) 1@ —P)(Frp)l < &1 R;

(ii) sup [(Qn — P) (1 (X)(Larx20 — 1g7x30))| < ean;1/3;

(ii) sup [(Qn = P)(1ar x50 — 1grxs0)| < en i, '/,

‘O‘_Bn‘\”ﬁ_ﬁn‘SR
lo—B|<R

11



(A5) [VT(B,)] = O(ma'"?),

In this context we write Y, ; 1= 1grx, .1v, >0 for 1 < j <my, M, (8) == Qy (f3,5,)
and recall T'(3) = P(fs4,) for n € N and 8 € S 1. Note that the observable data
consists of the pairs {(X,;, Y, ;)}7. We will say that 85 € S* ' is a mazimum score
estimator based on (X, ;,Y;;), 1 <j <m,, if it is a maximizer of 1/m,, Z?Z(Yn,j -
1/2)15rx,., 20

Before attempting to prove any asymptotic results, we will state the following

lemma which establishes an important relationship between the (3,’s above and .
Lemma 3.1 Under {A1-A83}, we have B, — [y.

Proof: Note that because of (A2) we can write

M, (B) = mi > Quy (Quy(U = =BIX|X) = Qui(U > 0]X)) g7 x 50,57 x30)
ni

1 &
o D Qi ((Qnj(U = =BEX|X) = Qu (U > 0]X) g7 x50 7 x<0) -
n

Because the second term on the right-hand side is clearly nonpositive, we have that
M,(8) < M,(8,) for all 8 € S 1. Now let ¢ > 0 and consider a compact set X, such
that Q,(Xc x R) > 1 — ¢ for all n € N (its existence is guaranteed by (A1l)). Then,
the identity @u(f35,) = Qu(Rn(X) — 1/2)15mxs0) implies [Ma(3) — Qu((x(X) —
1/2)157x50)] < 2Q, ((R?\ X¢) X R) + ||, — k|x, for all 8 € S*. Consequently, (A1),
(A2) and (A3) put together show that lim || M,, — Q, ((k(X) —1/2)1 )z x50)||sa-1 < 2e.

But € > 0 was arbitrarily chosen and we also have ||Q, — P||z — 0, so we therefore
have || M,, — I'[|ga-1 — 0. Considering that [ is the unique maximizer of the con-
tinuous function I' we can conclude the desired result as 3, maximizes M, and the
argmax function is continuous on continuous functions with unique maximizers (un-

der the sup-norm). O

12



3.1 Consistency and rate of convergence

We now introduce some additional notation. Denote by P the empirical measure
defined by the row (X,.1,Un1) -, (Xnmns Unm, ). Note that a vector 8; € S¥!is a
maximum score estimator of 3, if it satisfies
By, = argmax{P; (fs,)}-
pesd—1

We are now in a position to state our first consistency result.
Lemma 3.2 If {A1-A3} hold, 87 > B.

Proof: Consider the classes of functions Fy := {157, 45047250 : @, 3 € R?} and
Fo = {147,509 : @ € R?}. Since the class of all half-spaces of R¥*! is VC (see Exercise
14, page 152 in Van der Vaart and Wellner (1996)), Lemma 2.6.18 in page 147 of
Van der Vaart and Wellner (1996) implies that F; = {17,150 : 8 € R} A {1150 :
a € R?} and F, are both VC-subgraph classes of functions. Since these classes have
the constant one as measurable envelope, they are Fuclidian and, thus, manageable in
the sense Definition 7.9 in page 38 of Pollard (1990) and hence, the maximal inequal-
ity 7.10 in page 38 of Pollard (1990) implies the existence of two positive constants
Ji,Jo < oo such that E(|P% — Q,|l7) < -& and E(|P% — Q,||lx) < —2=. As

NG NGz
F = F1—3F, this implies that ||P;—Q,||» 24 0. Considering that | M, —T||gi-1 — 0

(as shown in the proof of Lemma 3.1), the result follows from an application of Corol-

lary 3.2.3 in page 287 of Van der Vaart and Wellner (1996). O

We will now deduce the rate of convergence of . To this end, we introduce the

functions I',, : R — R given by

L (8) =P ((’fn(X) —1/2) IBTXZO) .

/3. The proof of this fact relies on

It will be shown that 3} converges at rate m,, !
empirical processes arguments like those used to prove Lemma 4.1 in Kim and Pollard

(1990). To adapt those ideas to our context (a triangular array with independent,

13



non-identically distributed rows) we need a maximal inequality specially designed for

this situation. This is given in the following Lemma (proved in Section A.1).

Lemma 3.3 Under {A1-A5}, there is a constant Cr, > 0 such that for any R > 0
and n € N such that Aomﬁl/?’ < ngl/s < Ry we have

E ( sup  {|(P;, — Qn)(fs,8, — fﬁn,ﬁn)|}2) < Cr,Rm,** VneN.
|Bn

~BI<Rm; '/
With the aid of Lemma 3.3 we can now derive the rate of convergence of the

maximum score estimator.
Lemma 3.4 Under {A1-A5}, mi/*(8: — 8,) = Op(1).

Proof: Take Ry as in (A4), let € > 0 and define

M, = imfga>0: sup {|(F; —Qu)(fss, — fo.p.)| = €lB = Bal’} < am;*? 5
|5_5n|§RO
ﬁGSd_l
B,; = {BeS":(j—Um,"* <|B =Bl < jm,"* ARy}

Then, by Lemma 3.3 we have

P (M., > a)
= PEBeS" 18- B < Ro: |(P, — Qu)(f38, — fonp.)| > €lB = Bul® + a’m;>?)

< > P(3BEBu; :m|(Ph = Qu)(fap, — foup)| > (7 — 1) +a’)
.o

: ; -1+ “2)2E (m—wiii“%m = Qs = fﬂmﬁn)”z)

< CRoZ J — 0 as a — o0.

— (e(j — 1) +a?)?

It follows that M., = Op(1). On the other hand, by (ii) and (iii) of (A4) and the
fact that Q,(fs,5,) = Qu((kn(X) — 1/2)157x>¢)) imply that

3
(Q@u(fp.8, = fon.8.) — (Tn(B) = Tn(Bn))] < §6nm21/3|5 — Bl

14



for all n € N and Aomﬁl/g' < |8 = Bal < Ro. Also, Lemma A.2 implies that

(T, = D)(BE) — (T — D) (B)| < |5 — 5n|(V_1)/VO(m;(V+1)/3V)'

On the other hand, Lemma A.1 implies that V2T is continuous around 3, and that
there is a convex, open set U C R? containing [, such that V2I'(3) is negative
definite on U \ {t3, : t > 0}. Without loss of generality, assume in addition € > 0
is small enough so that the largest eigenvalue of V?I'(3) is smaller than —2e for all
g e U\A{tB,: t >0}. Hence, as (" P, Bo and B, — By, there is N > 0 such that
for all n > N we have that £, 8% € U\ {tf,: t > 0} and

La(B3) = Ta(Ba) <185 = Bal @07 0(my V) + [V (Ba)l18; — Bal = 2¢[8; — Bl

with probability tending to one. Putting all these facts together, and considering

Lemma 3.2, we conclude that, with probability tending to one, whenever |5% — 3,| >

Aomfll/g, we also have
P (f5:.80 — f5..8.)

* 3 * - * —
< Tal8) = Tu(Ba) + Seal B = BalmyV* + €l = Buf? + M2, m 2
< 18 = Bal® I o(my, WY 4 VT (81185 — Bl — 26|85 — Bl

3
5 enl B = Balmz 7 + €l B = Bl + MEmy

* 3 * — — *

S _6|5n - 5n|2 + §€n|5n - Bn|mn1/3 + Mez,anQ/g + ’vr(ﬁn)”/ﬁn - 5Tb|

FAG MR B — Ba|O(1).

Finally, using (A5) and the fact that M., = Op(1) and P} (fs: 5, — f5.,5.) = 0, we

can conclude that with probability tending to one as n — oo we can write

B = Bul* < Op(my )55 = Bal + Op(m, ).

The result now easily follows. O
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3.2 Asymptotic distribution

Before going into the derivation of the limit law of 3, we need to introduce some
further notation. Consider a sequence of matrices (H,)>%, C R™@Y and H ¢

n=1

R**(@=1) satisfying the following properties:

(a) &€ — H,¢ and & — H¢ are bijections from RY! to the hyperplanes {z € R? :
BTz =0} and {x € R?: Iz = 0}, respectively.

(b) The columns of H,, and H form orthonormal bases for {z € R? : Tz = 0} and

z € R?: gz = 0}, respectively.
0

(c) There is a constant Cy > 0, depending only on H, such that |H, — H|2 <
CH|Bn - 60|

We now give an intuitive argument for the existence of such a sequence of matrices.
Imagine that for 5, we find an orthonormal basis {eg 1, ..., €9 q4-1} for the hyperplane
{x € RY: Bz = 0} and we let H have these vectors as columns. We then obtain the
rigid motion T : R? — R? that moves 3, to 3, and the hyperplane {z € R?: 8Tz = 0}
to {z € R?: 8Lz = 0}. We let the columns of H,, be given by {Teo1,...,T €1}
The resulting sequence of matrices will satisfy the (a), (b) and (c) for some constant
Cy.

Note that (b) implies that HI and HT are the Moore-Penrose pseudo-inverses
of H, and H, respectively. In particular, HI'H, = HTH = 7, ;, where Z;
is the identity matrix in R (in the sequel we will always use this notation for
identity matrices on Euclidian spaces). Additionally, it can be inferred from (b)
that HI(Z; — 8,8%) = HY and HT(Z; — Bo8Y) = HT. Now, for each s € R?!
define 3, ¢ := (\/1 — n1/3 |s[)2 A 18, +mn1/3H s) s + |s| T H 81

|s|>m}/3'

|s]<my
Note that as long as |s| < mi® we have Bns € S with H,s being the orthog-
onal projection of B, onto the hyperplane generated by f,. Define the process

An(s) == m2 P o (f8u.0.80 — [50,8.)- Observe that if (8)72, is a sequence of maximum
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score estimators, then with probability tending to one as n — co we have

sp 1= my " Hy (To = By ) (By = Bu) = my/*H (B, — Ba) = argmax{A,(s)}.  (3)

seRd—1
Considering this, we will regard the processes A,, as random elements in the space
of locally bounded real-valued functions on R4"! (denoted by By,.(R?1)) and then
derive the limit law of s} by applying the argmax continuous mapping theorem. We
will take the space By,.(R?!) with the topology of uniform convergence on compacta.
Our approach is based on that in Kim and Pollard (1990).
To properly describe the asymptotic distribution we need to define the function

YR x R 5 R as follows:

S(s.t) = = [ LT A O, + [(7E) v () Jp(HE) de

4 Rd-1

1

- < /R (sl 1Tl = (s = ) EDp(HE) de.

Additionally, denote by W,, the B,.(R¢"1)-valued process given by W, (s) := m2/ (P —
Qn)(f8.0.80 — [50,8.)- In what follows, the symbol ~» will denote distributional con-

vergence. We are now in a position to state and prove our convergence theorem.

Theorem 3.1 Assume that { A1-A5} hold. Then, there is a Bi,.(R4 ) -valued stochas-
tic process A of the form A(s) = W (s)+ 2s" H'V*T(8y)Hs, where W is a zero-mean
Gaussian process in Bi.(RTY) with continuous sample paths and covariance function

Y. Moreover, A has a unique mazimizer with probability one and we have
(i) Ay ~ A in B (RETY).

(ii) s; ~ s* = argmaz{A(s)}.

s€Rd—1

(iii) mY3 (3% — B) ~» Hs*.

Proof: Lemmas A.5 and A.6 imply that the sequence (W,,)5°, is stochastically
equicontinuous and that its finite dimensional distributions converge to those of a
zero-mean Gaussian process with covariance . From Theorem 2.3 in Kim and Pol-

lard (1990) we know that here exists a continuous process W with these properties
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and such that W, ~ W. Moreover, from Lemma A.3 (i) and (#ii) we can easily de-
duce that A, — Wy, —ms/*(To(Bn.)) = Tn(Bn)) — 0 and ma/* (T (Ba.(y) = Tn(Bn)) —
S()THTV2T(Bo) H () on By (R?™) (with the topology of convergence on compacta).
Thus, applying Slutsky’s Lemma (see Example 1.4.7, page 32 in Van der Vaart and
Wellner (1996)) we get that A, ~» A. The uniqueness of the maximizers of the sample
paths of A follows from Lemmas 2.5 and 2.6 in Kim and Pollard (1990). Finally, an
application of Theorem 2.7 in Kim and Pollard (1990) gives (i7); (ii7) follows from
(3). O

As a corollary we immediately get the asymptotic distribution of the maximum

score estimator (by taking x, = x and 3, = (o).

Corollary 3.1 If (X,.U,)%, P and (82)22, is a sequence of mazimum score

estimators computed from (X,,Y,)22, then, nl/?’(ﬁ‘n — Bo) ~ H argmaz{A(s)}.

s€Rd—1
One final remark is to be made about the process A. The quadratic drift term can
be rewritten, by using the matrix H to evaluate the surface integral, to obtain the

following more convenient expression

M) = () = 357 ([ (TRt s e ) s

4 Consistency of the bootstrap procedures

In this section we study the consistency of the bootstrap procedures proposed in
Section 2.2. We recall the notation and definitions established in Section 2.2. We will
show that schemes 2, 3 and 4 in Section 2.2 are consistent. The classical bootstrap
scheme is known to be inconsistent for the maximum score estimator. This is argued in
Abrevaya and Huang (2005). The subsampling scheme for this problem (see Section
2.2.5) has been analyzed in Delgado et al. (2001). Consistency of the m-out-of-n
bootstrap for the maximum score estimator can be deduced from the results in Lee

and Pun (2006).
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4.1 Fixed design residual bootstrap

We will prove the consistency of this bootstrap scheme appealing to Theorem 3.1.
For the proof of the following result, recall the notation and definitions in Section

2.2.2.

Theorem 4.1 Under (A0) and the conditions of the fixed design residual bootstrap
(see Section 2.2.2), the conditional distribution of n'/3(8:—3,) given (X1,Y1), ..., (X, Yy)

consistently estimates the distribution of n*/3(5, — Bo).

Proof: Set Q,; to be a probability measure in R*"! such that whenever (X,U) ~
Q,; we have that X = X (that is, X has as distribution the dirac measure concen-
trated at X;) and Q, (67X + U > 0|X) = #,(X;). By the remark made at the end
of Section 2.2.2, the bootstrap sample can be seen as a realization of independent
random vectors of the form (X7 ;, IBSX;,]-JrU;;jZO) with (X, Uy ;) ~ Q, ;. Note that
in this case the marginal of X under @, is Q,((-) x R) = p,(-). Lemmas B.2 and
B.3, together with the properties of %, in (i) of Section 2.2.2, imply that every sub-
sequence (Q,, )72, has a further subsequence (Qy,_ )32, for which properties {A1-A4}
in Section 3 hold with probability one (here one takes v € (2,r) with r > 2 as in
(A0) and sets ms = ng,, Bs = Bnks, Qs; = Qu,,j and K, = Ay, ). To complete the
argument, we would like to use Lemma B.1 to show that every subsequence (Q,, )2,
has a further subsequence for which (A5) holds almost surely. However, Lemma B.1
only states that VI'(3,) = Op(1) and this fact alone does not allow us to prove such
a claim. To remedy this situation, further justification is required and we give it in
the following paragraph.

Let 6,7 > 0 and A, = [|[VT(8,)| > n]. Choose 1 large enough so that P (4,) < &
for all n € N. Note that each A,, is measurable with respect to the g-algebra generated
by (X1,Y1),...,(X,,Y,). Denote by p the Prokhorov metric and by A, and X!, respec-
tively, the law of n'/3(3, — By) and the conditional distribution of n'/3(3* — 3,) given
the data. Finally, define S\n = Ala, + Arlg\a,. For each n € N, an can be thought
as the conditional law (given the data) of n'/3(3, — ﬁnlg\ A, —Bola,), where B, is the
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maximum score estimator from the sample (Xnﬁl, f/n,l), o (Xn,n, ffnn) defined to be

(X1,11),...,(X,,Y,) should event A, happen and (X} ,,Y,",),..., (X, ,, Y, ) other-
wise. Then, the definition of A,, and the arguments in the preceding paragraph imply
that for every subsequence of the sequence of laws generating (f(n,l, f/n’l), e (X’n,n, ffnn)
there is a further subsequence for which {A1-A5} hold almost surely. Hence, an ap-
plication of Theorem 3.1 shows that p(A,, \,) 2, 0. But then, P (p(AE M) >0) <
P(A4,) + P (p(xn,An) > 5) for all n € N and hence Tm P (p(\5, A,) > 8) < 6. As

0 > 0 was arbitrarily chosen, this finishes the proof. O

4.2 Random design residual bootstrap
The consistency of this procedure is given in the following result.

Theorem 4.2 Under (A0) and the conditions of the random design residual bootstrap
(see Section 2.2.2), the conditional distribution of n*/3(8:—3,) given (X1,Y1), ..., (Xn,Yy,)

consistently estimates the distribution of n'/*(3, — Bo).

Proof: Let Q, be the probability measure on R**! such that if (X,U) ~ Q,

then X ~ g, and E (155“1]20 X :Xj) = #n(X;) for all j = 1,...,n. Then,

by the remark at the end of Section 2.2.2, we can regard the bootstrap sample
(X1, Y1), (X5, Y, as a realization of the form

(Xn,17 1BA,7;X;;’1+U;;’120)7 MR (Xn,n7 1/;’5X;;7n+U;;7n20) with (Xn,17 Un,l)’ et (Xn,rw Un,n) ~
@,,. Considering this, we can apply Theorem 3.1 in a similar fashion as in the proof

of Theorem 4.2 to complete de argument. U

4.3 The smooth bootstrap

As in the previous section, we will use Theorem 3.1. Consider the notation of Section
2.2.4. Note that the remark made regarding the condition that 37z (k,(z) —1/2) > 0
in 2.2.2 also applies for the smooth bootstrap. Let Q,, be the probability measure on
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R4 such that if (X,U) ~ Qy then X ~ F and B (17,

X) — fin(X). Then,

we can regard the bootstrap sampl§§ as (X 1, 135X:’1+U;!120), o (X 1B$X;‘L,n+Ui§,n20)
with (X, Uy 1), (X5, Un ) “%" Q. For this scheme we have the following re-
sult.

Theorem 4.3 Consider the conditions of the smooth bootstrap scheme (see Section
2.2.4) and assume that (A0) holds. Then, the conditional distribution of n*/3(8: — B,)
given (X1,Y1), ..., (X,,Y,) consistently estimates the distribution of n'/3(8, — Bo).

Proof: By setting k, = &, 5, = Bn, v € (2,r) and Q,; = Q, one can see with
the aid of Lemma B.2 that every sequence of these objects has a further subsequence
that satisfies {A1-A3} with probability one. As for (A4), it is easily seen that for any

function f which is uniformly bounded by a constant K we have

(@ =P)(f (X)) =1 | f@)(Bn(z) = plz)) dz| < Kl|p, — pl1-

It is now straightforward to show that (A4) will hold in probability because ||p,—pl[1 =
Op(g,). The proof can then be completed by arguing as in the last paragraph of the
proof of Theorem 4.1. O

5 Simulation Experiments

In this section we illustrate the finite sample performance of the bootstrap meth-
ods introduced in Section 2.2 through simulation experiments. We take the distri-
bution P on R? (so d = 2 in this case) to satisfy the assumptions of our model
with By = 2(1,1)” and such that if (X,U) ~ P then U|X ~ N (0, W) and
X ~ Uniform([—1,1]%). Thus, in this case x(z) = 1 — ®(—SLz(1 + |x|*)) which
is, of course, infinitely differentiable. Consequently, according to Stone (1982), the
optimal (achievable) rates of convergence to estimate x nonparametrically are faster

than those required in (i) of Section 2.2.2. To compute the estimator &, of x we have
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chosen to use the Nadaraya-Watson estimator with a Gaussian kernel and a band-
width given by Scott’s normal reference rule (see Scott (1992), page 152). We would
like to point out that our selection of the smoothing bandwidth could be improved
by applying data-driven selection methods, such as cross-validation.

We start by showing a plot of the 75%-quantile of the conditional distribution of the
first component of n'/3(3* — Bn) under the different bootstrap schemes and compare it
to that of n'/3(j3, — ) for 5 different sample paths as n increases from 2,000 to 30,000,
when sampling is done from the distribution P. Figure 1 shows the 5 plots, each
containing 5 piecewise linear curves: the black (diamond-shape dots), blue (circular
dots) and red (triangular dots) dotted curves correspond to the classical bootstrap,
the random and the fixed design residual bootstraps (schemes 2 and 3), respectively.
The green (square dots) dotted line and (broken) purple line correspond, respectively,
to the 75%-quantile of the distribution of the first coordinate of n'/? (Bn — Bo) and its
asymptotic limit. From each of the conditional distributions 1,000 bootstrap samples
were used to produce the empirical estimates of the corresponding quantile. The
erratic behavior of the classical bootstrap is clearly illustrated in the plots, and this
provides numerical evidence of the fact that the classical bootstrap has no weak
limit in probability. On the other hand, the fixed-design and random design residual
bootstraps exhibit pretty stable paths. The curves corresponding to the quantiles
produced by these two schemes are fluctuating around the green and broken lines
with quite reasonable deviations. This is an indication of their convergence. It must
be noted that the fact that Bn exhibits cube-root asymptotics implies that one must
go to considerably large sample sizes to obtain reasonable accuracy.

In addition to Figure 1, we will now provide another graphical tool that will
illustrate the convergence of the different bootstrap schemes. We took a sample of
size n = 2000 from P and constructed histograms from the 1000 bootstrap samples
for 7 different schemes: the classical bootstrap, the random design and fixed design
residual bootstrap methods, the smooth bootstrap and m-out-of-n bootstrap with

m, = [v/1], [n¥3], [n*®]. As before, we used the Nadaraya-Watson estimator with
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Figure 1: Plots of the 75%-quantiles for the conditional distributions of n'/ (B, — Bn1) for 5
different sample paths as n increases from 2,000 to 30,000 (by increments of 2,000). The piecewise
linear curves correspond to the classical bootstrap (black), the fixed design bootstrap (red), the
random design bootstrap, together with the corresponding quantiles of n'/ 3(5,171 —Bo1) (green) and

of the asymptotic distribution (purple broken line).

Scott’s normal reference rule and Gaussian kernels to build %,, in the cases of random
and design schemes and the smooth bootstrap. For the density estimation step in
the smooth bootstrap, we used a kernel density estimator with Gaussian kernels and
Scott’s normal reference rule for the bandwidth. Similarly, we chose the different
values of m,, randomly. Both, the selection of bandwidth and of m,, could have been
improved by using data-driven procedures. In particular, the use of crossed-validation
could enhance the performance of the bandwidth-dependent methods. In addition to
all this, the corresponding graphics were also built for 1000 random samples of the
first component of n'/ 3(Bn — Bo), with n = 2000, and its asymptotic distribution. In
the case of the P described above, the asymptotic distribution of the first component

| . . B 11
of n'/3(3, — By) is that of \/LiargmaxseR{A(s)} with A(s) = 2 5/4Z(8) - 30ﬁ32)
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where Z is a standard two-sided Brownian motion. The resulting histograms are

displayed in Figure 2.
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Figure 2: Histograms for the conditional distributions of n/3(8, — B,.1) for random samples if
size 1000 with bootstrap distributions built from a sample of size n = 2000 from P. Histograms of

random samples from n'/3 (Bnl — fo,1) and its asymptotic distribution are also included.

It is clear from Figure 2 that the histogram from the smooth bootstrap (top-
right) is the one that best approximates those from both, the actual distribution of
n'3(Buy — Bos), n = 2000 (top-center) and its asymptotic distribution (top-left),
The graphic corresponding to the former seems to provide the best approximation
among the different bootstrap schemes not only to the shape, but also to the range
of the latter two. Figure 2 also makes immediately apparent the lack of convergence
of the classical bootstrap as its histogram (middle-right) is quite different from the
ones in the top row. The random design (middle-left) and the fixed design (middle-
center) residual bootstrap schemes give reasonable approximations to the shape of the

histograms in the top row, albeit their z-range is slightly greater. Although known to
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converge, the m-out-of-n schemes (bottom row) give visibly asymmetric histograms
with large range, compared to the other convergent schemes. This fact will translate
in generally larger, more conservative confidence intervals (at least for large sample
sizes).

We now study the performance of each of the bootstrap schemes by measuring
the average length and coverage of confidence intervals built from several random
samples from P as above. We simulated 1000 different random samples of sizes 100,
200, 500, 1000, 2000 and 5000. For each of these samples 7 different confidence in-
tervals were built: one using the classical bootstrap, one using the random design
scheme, one via the fixed design procedure, another one with the smooth bootstrap
scheme and three for the m-out-of-n bootstrap with m,, = [n'/?], [n?/3], [n*/5]. We
have made no attempt to choose an optimal m,,. The interested reader can look
at Delgado et al. (2001) for some data-driven procedures to choose m,, (although in
a subsampling context). We would like to add that, as before, we have used the
Nadaraya-Watson estimator with Scott’s normal reference rule and Gaussian kernels
to compute £, in Section 2.2. In the particular case of the smooth bootstrap, we
estimated the underlying density using a kernel density estimator with Gaussian ker-
nel and Scott’s normal rule. As before, our bandwidth and kernel selection methods
could be improved by using data-driven procedures. In addition to considering a P
as the one used above, we have conducted the same experiments with one in which
UX ~ (1+|X]>)7'E, =~ Student(3), X ~ Uniform([—1,1]?), By = 272(1,1)7,
where Student(3) stands for a standard Student-¢ distribution with 3 degrees of free-

dom. The results are reported in Table 1.

Table 1 indicates that the smooth bootstrap scheme outperforms all the others
as it achieves the best combination of high coverage and small average length. At
small sample sizes, in both cases, its coverage is similar to those of the random and
the fixed design bootstraps and higher than those of the subsampling schemes. Its

average length is, overall, considerably smaller than those of all the other consistent
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Table 1: The estimated coverage probabilities and average lengths of nominal 95% CIs for the first

coordinate of By obtained using the four different bootstrap schemes for each of the two models.

U|X ~ N(0,(1+|X|%)"2), X ~ Uniform(—1,1]2), Bo = 2"%2(1,1)T

S n = 100 n = 200 n = 500
cheme
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
Classical 0.68 0.91 0.75 0.58 0.75 0.49
Random Design 0.80 1.09 0.90 0.85 0.91 0.72
Fixed Design 0.80 1.06 0.89 0.83 0.90 0.69
Smooth 0.79 0.57 0.89 0.44 0.93 0.30
[n1/2] 0.73 0.93 0.83 0.72 0.87 0.58
[n2/3] 0.72 0.89 0.83 0.70 0.87 0.56
[n/5] 0.70 0.87 0.84 0.70 0.85 0.51
UlX ~ N(,(1+]X|2)"2), X ~ Uniform([-1,1]?), Bo =21/2(1,1)T
S n = 1000 n = 2000 n = 5000
cheme
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
Classical 0.73 0.26 0.71 0.19 0.71 0.13
Random Design 0.95 0.43 0.93 0.29 0.94 0.19
Fixed Design 0.94 0.41 0.93 0.29 0.94 0.19
Smooth 0.95 0.23 0.94 0.18 0.95 0.13
[n1/2] 0.91 0.41 0.89 0.33 0.97 0.23
[n2/3] 0.95 0.46 0.92 0.36 0.95 0.21
nd/5 0.89 0.34 0.86 0.24 0.89 0.16
[
UlX ~ (14 |X|2)715, B~ Student(3), X ~ Uniform([—1,1]?), Bo = 2~Y/2(1,1)T
- n =100 n = 200 n = 500
cheme
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length
Classical 0.66 0.82 0.70 0.73 0.74 0.41
Random Design 0.78 1.17 0.85 0.90 0.93 0.65
Fixed Design 0.78 1.14 0.85 0.88 0.92 .62
Smooth 0.78 0.57 0.89 0.43 0.93 0.29
[nt/2] 0.74 0.98 0.77 0.78 0.86 0.59
[n2/3] 0.73 0.96 0.77 0.74 0.87 0.58
[n*/5] 0.72 0.92 0.79 0.74 0.90 0.62

UlX ~ (1+|X|2)71E, E ~ Student(3), X ~ Uniform([—1,1]?),

Bo=2"12(1,1)7T

Seheme n = 1000 n = 2000 n = 5000
Coverage | Avg Length | Coverage | Avg Length | Coverage | Avg Length

Classical 0.72 0.34 0.74 0.21 0.70 0.14
Random Design 0.94 0.55 0.94 0.33 0.94 0.21
Fixed Design 0.93 0.52 0.93 0.31 0.94 0.21
Smooth 0.93 0.23 0.94 0.18 0.95 0.13
[n1/2] 0.87 0.50 0.92 0.36 0.93 0.27
[n2/3] 0.92 0.55 0.94 0.40 0.97 0.26
[n4/5] 0.88 0.49 0.88 0.29 0.87 0.17
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procedures. However, in spite of its superior performance, the smooth bootstrap has
the drawback of its computational complexity. As the sample size and dimension
increase, the smooth bootstrap is considerably more complicated to implement than
the rest.

The random and the fixed design bootstraps yield similar results. The difference
between them being that random design bootstrap is a little bit more conservative:
it achieves slightly better coverage at the expense of larger confidence intervals. This
difference seems to disappear as the sample size increases. To compare these pro-
cedures with the m-out-of-n schemes, we first contrast their performance for the
three smallest sample sizes and then for the three largest: for the small sample sizes
(n = 100,200, 500), the random and fixed design procedures are more conservative
(better coverage with larger intervals) than the m-out-of-n schemes; as the sample
size increases, the situation is reversed: the intervals from the former two achieve
the asymptotic 95% coverage with generally less average length. Needless to say, the
classical bootstrap performs poorly compared to the others.

An obvious conclusion of the previous analysis is that the smooth bootstrap is
the best choice whenever it is computationally feasible. Compared to the m-out-of-n
schemes, the random and fixed design procedures have the advantage of seemingly
achieving the desired coverage faster and having smaller intervals for larger sample
sizes. In the absence of a good data-driven rule to select m,,, the former two seem
like a better option than the latter. Moreover, the fixed design procedure could be a
better alternative than its random counterpart as it is computationally less expensive
to implement (it requires less simulations).

Remark: Although we did not choose m, using any specific rule, we did try
many possible choices besides those listed in Table 1. More precisely, we also tried
m, = [n'/3], [n°/1°7 and [n'¥/15] but omitted a report of their results as they were

all outperformed by the reported cases ([n'/?], [n?/3] and [n*/°]).
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A Auxiliary results for the proof of Theorem 3.1

Lemma A.1 Consider the functions I'(8) = P(fs,3,) and ['n(8) =P ((kn(X) — 1) Lsrxs0).
Denote by os the surface measure on the hyperplane {x € R¢ : Tz = 0}. For
each o, B € R\ {0} define the matriz Anp = (Zg — |B]728687)(Z4 — || 2aat) +
18|~ a|tBaT. Then, T is twice continuously differentiable on S¥=t, By is the only

mazimizer of I' on S ! and we have

T 1
vrE) = Gt (T geest) [ (W) = 3 ) s sn)e do

T
- ﬁﬁlﬁo ( “ |@!256 ) /]Rd_1 (”(Aﬁo,ﬁﬂf) - %) p(Ag, s HE)HE dE ¥ e ST

VI(By) = _/,BT :D(Vﬁ(x) T80)p(z)za” dog,

- /Rd_l<vf~e<H§>Tﬁo>p<Hf>HééTHT 3

where H € R4 s any matriz whose columns form an orthonormal basis of the
hyperplane {x € RY : BLx = 0}. Furthermore, there is an open neighborhood U C R?
of Bo such that BTNV?To(Bo)B < 0 for all B € U\ {tBy:t € R}.

Proof: Lemma 2 in Manski (1985) implies that [y is the only minimizer of I' on
8?1, The differentiability properties of I' as well as the computations of VI' and
V2T follow from the arguments in Section 5, page 205 and Example 6.4, page 213 in
Kim and Pollard (1990). Note that for any z with Iz = 0 we have Vk(z)" 8y > 0
(because for x orthogonal to Sy, k(z + t5y) < 1/2 and k(x + tfy) > 1/2 whenever
t <0 and t > 0, respectively). Additionally, for any 8 € R? we have:

B8 =~ [ (T8 B0 () do,

o=

Thus, the fact that the set {z € X°: (Vk(z)TBy)p(xz) > 0} is open (as p and Vk are
continuous) and intersects the hyperplane {z € R?: STz = 0} implies that V2I'()
is negative definite on a set of the form U\ {tf3, : t € R} with U C R? being an open
neighborhood of ;. O
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Lemma A.2 Consider the functions T',, defined in Section 3.1. Then, under {A1-
A5}
(i) Bn = argmaz{T',(8)};
BeSI—1

(ii) There is Ry such that for all 0 < R < Ry we have

sup{I(T = T)(8) = (T = D)(B)[} < RF o0 (ma ™).

Proof: Note that we can write
L.(B) =P ((Qn,l(U > B X|X) = Qui(U > O’X>>1,8TX20,B,'{X20) +

P ((Qui(U > =B X|X) = Qua(U = 0|X))15rx50,57x<0) -
It clearly follows that (3, is a maximizer of I',. On the other hand, (A3), our assump-
tions on P and Holder’s inequality imply that there are constants C, Ry > 0 such that
whenever R < Ry we have

sup {|(T = T)(B) = (T = T)(Ba)[} < P(1kn(X) — k(X)) /*P(For) 7 < (CR)*7 0 (m;%l> ,

[B=Bn|<R

This finishes the proof. O

Lemma A.3 Let R > 0 and consider the notation of Section 3.2. Then, under {A1-
A5} we have

(i) sup {mi/3

|s|<R

Qn —P) ((Hn(x) - %) (g x>0~ 13{){20)) ‘} = 0;

—~

(i) sup {mf/g Qn ((nn(X) - %) (Lgr x>0~ 1/33){20)) -P ((“(X) - %) (a1 x>0~ 1BZX20)) '} -0

[s|<R
} — 0.

2
Proof: Observe that |8, — a]? = |s[2mn > + (\/1 — (mn s AT = 1) for all

(iii) sup {’"3/3 T(Bns) — T(Bn) — ~sT HTV2T (o) Hns
|s|<R 2

n and s. It follows that supjs<g{|Bn.s — Bul} = O(R n1/3) Hence, in view of (A4),

there is a constant K > 0 such that for all n large enough

suppcr { M [(@n = P)((a(X) = 1/2)(Lar 20 = Lpxzo)|} < ea(KR)V Ay — 0.

Since (77) is a direct consequence of Lemma A 2| it only remains to prove (i7i). From

Taylor’s theorem we know that for every s € R? there is 6, , € [0,1] such that
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T(Bus) = D(B) + V(BT (Bus = Br) + 3 (Bus = B) V2T (OnsBs + (1= 00,)B0) (B —
Bn). It follows that

sup {mi/?) F(ﬁn,s) - F(ﬁn) - %(ﬁn,s - ﬁn)Tv2F<ﬂ0)<5n,s - ﬁn)
< s {16 = Bul V(B |+ sup, {|Bns—Bal’} sup, {IV*T(Bns) = V2T(60)||,} = 0,

Is|<R
Is|<R
where the convergence to 0 follows from (A5) and the fact that I'(+) is twice continu-

ously differentiable in a neighborhood of ;. But from the definition of f3,, s it is easily

bvo.

This finishes the argument. O

seen that

sup {mi“
|s|<R

S5 HIVPT () s — 3 (Bus = Bu) VT (50) s — 1)

Lemma A.4 Let R > 0. Under {A1-A5} there is a sequence of random variables
Al = Op(1) such that for every § > 0 and every n € N we have,

s {5 ((fou0 = Fou08.)7) } < 0ATM 2.

sIVIt|I<R
Proof:  Define G5 := {f5,.8, — fou08. © s =t <9, [s|V[t]| < R} and G}, =
{f8n80 = fBuspn © |8| V[t] < R}. It can be shown that G} is manageable with
envelope G g := 3F, 13 (as |k, —1/2| < 1) . Note that G, g is independent of
d. Then (A4) and the maximal inequality 7.10 from Pollard (1990) then there is a

constant Jp such that for all large enough n we have

E | Sl:|p<6 (B ((F30 e — Fo008)?) | < 2E ‘ Sl;PQ {®5 (180080 — fone8a )} |5
ls[VItI<R sV It<R
< 2E (sup {(P}, — Qn)|f|}> +2 sup {Qulfl};
fean FEGH 5
4e jR e +C Rmle/?’
< dalryl ) 42, Bmy 2 +2 sup {P|f]}.
v Mn feGR 5

On the other hand, our assumptions on P imply that the function P(1.yr,>¢) is

continuously differentiable, and hence Lipschitz, on S¢~!. Thus, there is a constant
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L, independent of §, such that

E sue B (F50 = fuepn)?) } | < 0(my )+ 0Lm,
|sVIt|<R

The result now follows. O

Lemma A.5 Under {A1-A5}, for every R,e,n > 0 there is § > 0 such that

h_)_m P | Sullzé {m2P (P — Qu) (80 — founsn) |} >0 | <
n o S—t
|s|V[t|<R

Proof: Let V¥, := m}/?’IF’* (4F2R L1s) = m}/SPZ(Fn rm-1/3)- Note that our assump-
tions on P then imply that there is a constant C such that P(F} i) = P(Fo k) < CCK

for 0 < K < K, (F, k is an indicator function). Considering this, assumption (A4)-(i)
and Lemma 3.3 imply that

E (W) = mi/°E (B = Qu)(F, . —1/2)) +mi/*@u = P)(F, . —1/a) + mi/*B(F

n, n,Rm,

—173) = 0(1).

Now, define ®,, := m?/3 | 81;'25 {P% ((f5,.0.80 — fonrpn)?) }. The class of all differ-
IsIVIt<R

ences fg, .8, — fa..5, With |s| V |[t| < R and |s — t| < ¢ is manageable (in the sense
of definition 7.9 in page 38 of Pollard (1990)) for the envelope function 2F . _is.

By the maximal inequality 7.10 in Pollard (1990), there is a continuous increasing

function J with J(0) = 0 and J(1) < oo such that

E sup {}( Z - Qn)(fﬁn,576n - fﬁn,t:ﬁn)‘} S <\/_J n/\IJ >

|s \v|t\<R

Let p > 0. Breaking the integral on the right on the events that ¥,, < p and ¥,, > p
and the applying Cauchy-Schwartz inequality,

E sgp<(s {m2/3 (P Z_Qn)(fﬁn,s;ﬁn _fﬁn,t«ﬁn) } < \/EJ(I)—F \/E(‘Ifnl\pn>p) E(J (1A (®Pn/p))),
\‘Tv\t‘|<R
< VBI(W) + /B (Tnle,50) VB (T (1A (5AF/p))),
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where A% = Op(1) is as in Lemma A.4. It follows that for any given R, 7n,¢ > 0 we

can choose p and ¢ small enough so that the results holds. U

Lemma A.6 Let s,t,51,...,55y € R and write Sy € RN for the matriz given

by En = (X(sk, $j))kj. Then, under {A1-A5} we have
(@) 1 *Qu(fo. 0 = Fonn) = 0,

(0) 10 Qu (o = Fomsn) (Fomispn — Fonn)) — E(s,1),
(c) Wyn(s1),...,Wa(sn))T ~ N0, Zn),

where N(0,Yy) denotes an RN -valued Gaussian random vector with mean 0 and co-

variance matriz X and ~ stands for weak convergence.

Proof: (a) From Lemma A.2 (i7) it is easily seen that

1
Qi = o) = mi P (00 = 3) Lag o0~ Ligasn) ) +ol0)

We will therefore focus on deriving a limit for

1
m,/°P ((’f(X) - 5) (Lpr x>0 — 163:X>0)) -

Consider the transformations T, : R — R? given by T, (z) := (H ;8L x), where
H'z € R and 1z € R. Note that T, is an orthogonal transformation so det(T},) =
+1 and for any £ € R*! and n € R we have T, 1(&;1) = H,&+nf3,. Applying change
of variables and Fubini’s theorem , for all n large enough,

1
m,/*P ((H(X) - %) (Lar x>0 — 135){20)) = /Rd ('f(w) - 5) (Lo 230 = Lgzan0)p(e) d
=l [+ 080 =120 s sy = L)€+ ) duds

n

1
/ mwlz/S/ (H(Hnﬁ +nBn) — 7) p(Hn&+nBn) |1 _ 15 r +1 —my /3T dnd
Rd—1 2 T 0sn< e
1

—mp 2352 1-m

The dominated convergence theorem then implies,

m}/?’IP’ ((K(X) - %) (1/32,5)(20 - 15{){20)) - = /}Rd1 <“(Hf) - %) p(H5)|3T5| d¢ =0,
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where the last identity stems from the fact that x(z) := P(U — B{ X > 0|X = z) is
identically 1/2 on the hyperplane orthogonal to [.
(b) First note that (1447 x>0 — 1/2)> = 1/4 and
(Lgz 220 = Lpraz0) (g7 250 = LaTaz0) = L(a7 o)n(8T )205 670 T LaT0>05 (57 ,o)v(67 )
In view of these facts, condition (A4)-(iii) and the same change of variables as in the

proof of (a) imply

1/3
my/*Qn ((fen,sﬁn ~ I80.80) (T8 4B — fﬁn,ﬁn))

1/3
i
= = Pz 0)n T ;0020557 + 1730587 ,o)v(sT o)) T O1)
n
= 1 —1/3 sTe tTe +1 —1/3 sTe tT¢ P(Hn&+nBr) dndé
4 o \/1—m;2/3\5|2AVl—mi”%@gn@ osnsmn Ve iomn o2

“+o(1).
A further application of the dominated convergence theorem now yields

1

M *Qn ((fonosn = Fow80) Fonon = fona)) = 7 /R (TentTer + (sTev T ) plHE) d

(c) Define ¢, := (Wy(s1), ..., Wa(sy))"; Cu to be the (d—1)-dimensional random
vector whose j-entry is m*1/3(f5n737_75n(Xn7k, Unie) = fon 50 (Xods Uni)); Coke = Cok —
E (fnk>, and

Pnk,j = Qn ((fﬁn,sk,ﬁn = 8080 ) (fBr s, 80 — fﬁn,ﬁn)) -Qn ((fﬁn,sk,ﬁn - fﬁn,an)) Qn ((fﬁn i Bn — fﬁn,an)) :

7

We therefore have ¢, = > 7" (ox and E ((,x) = 0. Moreover, (a) and (b) im-

ply that > ;" Var ((ur) = >pm E (Gur¢ly) — En. Now, take § € RY and de-
fine a,x == 07,k In the sequel we will denote by | - || the Lo-norm on RY.
The previous arguments imply that E (a,,;) = 0 and that s2 := Y ,"", Var (a, ;) =

o 0T Var (o) 0 — 07X n0. Finally, note that for all positive e,

1 & N2||0]|2my 2 T
Y B (@) € AU SR (a5
"=t " =1

N2(16]2ma
53 €2

Z Qkﬁjm}/?’pn,k,j — 0.

1<k,j<N
By the Lindeberg-Feller central limit theorem we can thus conclude that 07¢, =

Z;nz"l anj ~ N(0,07Ex0). Since § € RY was arbitrarily chosen, we can apply the
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Cramer-Wold device to conclude (c). O

A.1 Proof of Lemma 3.3

Let us take the notation of (A4). Take Ry < K,, so for any K < R, the class
{f8,8. = [8...}|8—pn|<k is majorized by F, k. Our assumptions on P then imply

that there is a constant C' such that ]P’(Fﬁ’K) =P(F, k) < CCOK for 0 < K < K,

/3

(F, i is an indicator function). Now, take R > 0 and n € N such that Agm, 13 <

Rm, 1/3 < Ry. Since Fn’ /380 is a VC-class (with VC index bounded by a constant
independent of n and R), the maximal inequality 7.10 in page 38 of Pollard (1990)
implies the existence of a constant J, not depending neither on m,, nor on R, such
that E <||]P’j; - Qn“%,mﬁ“) < JQn(Fn,ngl/s)/mn. From (A4) we can conclude
that E (||IP);*1 - QnH%:n Rm1/3) < J(O(mgl/S) + C’C’RmT—LI/S)/mn for all R and n for
which mn,*R < Ry. This finishes the proof. O

B Auxiliary Results for the proof of the consistency of the

bootstrap schemes

We present a simple result that will allow us to show that condition (A5) in Section

3 is satisfies for the bootstrap samples in Schemes 2, 3 and 4.

Lemma B.1 Consider the function T defined in Section 3 and let (8,)°2, be a se-

quence of mazimum score estimators. Then |VF(Bn)| =Op (n_1/3).

Proof: This follows from Lemma A.1 as VI'(5y) = 0 and VI is continuously differ-
entiable over the compact set S¢~! (which implies that it is Lipschitz on that region).

O
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B.1 Properties of the modified regression estimator

Consider the estimators k, and k, defined in Section 2.2.2. We will show in the

following lemma that &, satisfies the same regularity conditions as k.

Lemma B.2 Consider the assumptions of section 2.2.2. Then we have,
(i) On a set with probability one, ||k, — k||x — 0 on all compact sets X C X°.
(”) ]P)(|/%n _ I{|r)1/r — OP(nf(TJrl)/Sr)'

(it) p(|fen — &£[7)Y" = Op(n=C+D/N)

Proof: Let 0 > 0 and X C X° be compact. Note that for all x € X we have

|fon () — K(2)| < |Rn(z) — K(2)] + |K(2) — 1/2|1ng(gn(x)—1/2)§5 +
15(2) = 1/2[L 1 5 2)-1/2) - 8T 2(st@)-1/2) 155 T 18(2) = 1/ 210 e -1/2)<60

from which it follows that

[An = Kllx < +l[En = Kllx + Ling, (i@ -1/21<s +

]‘su BT 3(Fom () — BT x(k(x)— + sup {|/€("L‘)_1/2|}
Peex{|Biz(Rn(z)—1/2)—B5 x(k(z)—1/2)[}>0 ﬂOToc(n(a:);(l/Q)g(S
S

Thus, (7) is a consequence of the almost sure uniform convergence of %, on compact

subsets of X°.

We now turn our attention to (iz). It suffices to show that I, := P(|k(z) —
1/2|’”133x(%n(x)_1/2)<0)1/’" = Op(n=+Y/3) Note that |81 z||(k(z)—1/2)| = BLz(k(z)—
1/2). Hence, for any A > 0 we have,

_ 1/ i 1/
In < P(I6(X) = /20" 51 ) (o(x) —1/2) | < BT X (R (X) —1/2) BT X ((X)—1/2))

™ 1/r
SP(R(X) = 1/20" 1 51 ) (e(3)—1/2) | IBT X (o (X)—1/2) BT X ((X) —1/2)], |87 X |<An—(+r/30) T+

P(lw(X) = 1/2]"1 1)V

18T X 11(r(X)=1/2)|<IBT X (Rn (X)—1/2)—-BF X (k(X)—=1/2)|, |BF X|>An~ 3¢
< P(IR(X) = 1/20"L g1 x < An-1m/80) 7

+P(IR(X)—1/2]"1 ; . e )T
183 X11(5(X)=1/2)|<|Bn —Bol | X||5(X)=1/2]+|Bn —Bo | X [|&n (X) ~w(X) |+ BT X||5(X)=Fn (X)], |8 X|>An" 37

< An7(1+r>/3TP(D(X)T1\58"X\§An*(1+7')/37')1/T+

1
P(IR(X) = /20" g1 x <313, o)+

1/r
P(|s(X)—1/2/1 + 3P(|fn (X) — (X)|7)H/"
(H VT ssain wrﬂo\|X\|R,L<X>—~<X>\) (17 () =GO
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< An_%]P’(D(X)Tl\,agx\gAn7<1+w~)/3r)1/”‘
B(1(X) = 1/21"L g7 x <313, o 1x )+
BA™ | — foln '3 B (1X]78) 70 B(|An(X) — (X)[")70 + BB([fn (X) — £(X)|")F,
where ¢ = ¢q/(q — 1). The last inequality implies that

1+r

I, < An” s

P(D(X) 157 x<an-a+r/sr) 7+

3160 — BolP(IX|"D(X) L 510213, —popx) '+

1+r

AT B, = Boln P (IX[9)7 P(1Rn(X) — k(X)) + BP(|7n(X) — 6(X)]')7.

S =

Considering that, from (A0), P<|X|TD(X)T1|B()TX\§\En—Bo|IX|) < | Bo—Pn| and P(|,, (X)—
1 247
R(X)|[")ra = op <n_3%> we can conclude from that (i7) holds. A similar argument

gives (7i1). O

B.2 Some properties of the multivariate empirical distribution

Here we discuss some properties of the empirical distribution function that will allow
us to apply the results of Section 3 to prove the consistency of some of our bootstrap
procedures. Consider a sequence (X, U,)> "% P on the probability space (2, A, P)
and let p,, be the EDF of X;,...,X,,. Also, consider the classes of functions F,, p as
defined in Section 3, with their envelopes F, g, replacing 3, with Bn Then, we have

the following result.

Lemma B.3 Let (£,)52, be a sequence satisfying (i) in the description of the fized

design scheme (see Section 2.2.2) and consider a decreasing sequence (€)%, with

€n 4 0 and enn?lr — 00. Then, there are constants C, Ry > 0 such that the following
hold:

(a) the sequence (1,)S2 is tight with probability one;

(b) for every sequence (i, )7, there is a subsubsequence (i, )32, such that

sup {|(ttn,, — P)(F5 R} = 0;

0<R<Ryp
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(c) for every sequence (fin, )72, there is a subsubsequence (fin, )32, such that, with
probability one, the following inequality holds for all 0 < R < Ry,
sup (e, = B) (e, (X)(Larxs0 — Lgrxs0))| < OBy e, ;

|O¢_Bnks |\/‘B—Bnks I<R
loa—BI<R

(d) for every sequence (pn, )7, there is a subsubsequence (pn, )32, such that, with

probability one, we have that the following inequality holds for all 0 < R < Ry,

. sup ‘(Nnk —P)(1arx>0 — 1,BTX20)’ < CRn;;l/?’Gnks-
la—Buy, IVIB=Bny I<R
la—B|<R

Proof: The collection of cells of the form (a,b] in R? with a,b € R? is VO (see ex-
ample 2.6.1, page 135 in Van der Vaart and Wellner (1996)). It follows that that class

is (strongly) Glivenko-Cantelli and thus, p, converges weakly to p with probability

one and hence (a) is true. On the other hand, since there are g, ar € R? such that

Fn,R = 1,8%3620>a£x + 1a£120>ﬁ£x7 (4)
= (1ﬁ£a:20 N 10>a£x) \% (10[%9020 A 10>B£x)’

a similar argument to that used to show that F; and F5 are VC in the proof of
Lemma 3.2 applies here prove that {F, g : 0 < R < Ry} is VC. Thus, (b) follows
from a suitable application of the maximal inequality 3.1 of Kim and Pollard (1990).
Now, fix R > 0 small enough. The classes F, r and {x%}yecr, , are both VC with
envelope F, r. Considering the fact that B, — Bo = Op(1) with probability tending
to one, we have that |a — 8| V |8 — Bo| < 2R for all o, 8 € S with |a — 3| < R
and |a — B, V|8 — fa] < R. Thus, a suitable application of inequality 3.1 in Kim
and Pollard (1990) shows that with probability tending to one,

sup [(n—P) (17 x>0—1p7x50)| < sup [(tn —P)(1 o1 x>0—157x50)| = Op(n~'/?).
la—Bn|V|B—Bn|<R la—Bo|VIB—Bol<R
|a—B|<R la—B|<R

Hence, for every R small enough there is a subsequence for which (d) holds. To
obtain a subsequence for which (d) holds almost surely for all R smaller than some
Ry one needs to apply the previous argument to all rational R’s smaller than Ry and

then use Cantor’s diagonal method.
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It remains to prove (¢). An argument like the one used for (d) proves that (c¢) is

true with x replacing k,. Finally, the equation
(ttn = P)(An(X)(Lar x>0 — Lgrx20)) = tn((An(X) — (X)) (1arx>0 — Lgrx>0)) +
(tn = P)(5(X) (Lar x>0 — Lorx=o)) — P((An(X) — (X)) (Lar x>0 — Lgrx>0)),

together with Holder’s inequality and the fact that g, (|&, — &|")Y" VP(|&, — k|77 =
op (n_%> give the result. U
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