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Abstract

In this paper we study the consistency of different bootstrap methods for making inference

on Manski’s maximum score estimator. We propose three new, model-based bootstrap proce-

dures for this problem and prove their consistency. Simulation experiments are carried out to

evaluate their performance and to compare them with the m-out-of-n bootstrap method. Our

results indicate that one of our proposed methods, the smooth bootstrap (see Section 2.2.4),

outperforms all the others. Moreover, we also conclude that the other two proposed procedures,

fixed and random design residual bootstraps (see Sections 2.2.2 and 2.2.3, respectively), perform

at least as well as the m-out-of-n bootstrap procedure while being less dependent on the choice

of tuning parameter(s). We provide a set of sufficient conditions for the consistency of any

bootstrap method in this problem. Additionally, we prove a convergence theorem for triangular

arrays of random variables arising from binary choice models, which may be of independent

interest.

1 Introduction

Consider a (latent-variable) binary response model of the form

Y = 1βT0 X+U≥0,

where 1 is the indicator function, X is an Rd-valued, continuous random vector of ex-

planatory variables, U is an unobserved random variable and β0 ∈ Rd is an unknown

vector with |β0| = 1. The parameter of interest is β0. If the conditional distribution

of U given X is known up to a finite set of parameters, maximum likelihood tech-

niques can be used for estimation, among other methods; see, for example, McFadden
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(1974). The parametric assumption on U may be relaxed in several ways. For in-

stance, if U and X are independent or if the distribution of U depends on X only

through the index βT0 X, the semiparametric estimators of Han (1987), Horowitz and

Härdle (1996), Powell and Stoker (1989), and Sherman (1993) can be used; also see

Cosslett (1983). The maximum score estimator considered by Manski (1975) permits

the distribution of U to depend on X in an unknown and very general way (het-

eroscedasticity of unknown form). The model replaced parametric assumptions on

the error disturbance U with a conditional median restriction, i.e., med (U |X) = 0,

where med (U |X) represents the conditional median of U given X. Given n obser-

vations (X1, Y1), . . . , (Xn, Yn) from such a model, Manski (1975) defined a maximum

score estimator as any maximizer of the objective function
∑n

j=1

(
Yj − 1

2

)
1βTXj≥0

over the unit sphere in Rd.

The asymptotics of the maximum score estimator are well-known. Under some

regularity conditions, the estimator was shown to be strongly consistent in Manski

(1985) and its asymptotic distribution was derived in Kim and Pollard (1990) (also see

Cavanagh (1987)). However, the complicated nature of its limit law (which depends,

among other parameters, on the conditional distribution of U given X for values of

X on the hyperplane {x ∈ Rd : βT0 x = 0}) and the fact that it exhibits nonstandard

asymptotics (cube-root rate of convergence) have made it difficult to do inference for

the maximum score estimator under the complete generality of the model. Hence,

many authors have proposed different estimation and inference procedures that work

under stronger assumptions on the conditional distribution of U given X; see e.g.,

Horowitz (1992) and Horowitz (2002).

In this context, the bootstrap stands out as a natural method for inference. Boot-

strap methods avoid the problem of estimating nuisance parameters and are gener-

ally reliable in problems with
√
n convergence rates; see Bickel and Freedman (1981),

Singh (1981), Shao and Tu (1995) and its references. Unfortunately, the classical

bootstrap (drawing n observations with replacement from the original data) is incon-

sistent for the maximum score estimator as shown in Abrevaya and Huang (2005). In
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fact, the bootstrap estimator can behave quite erratically in cube-root convergence

problems. For instance, it was shown in Sen et al. (2010) that for the Grenander esti-

mator (the nonparametric maximum likelihood estimator of a non-increasing density

on [0,∞)), a prototypical example of cube-root asymptotics, the bootstrap estimator

is not only inconsistent but has no weak limit in probability. This stronger result

should also hold for the maximum score estimator (for numerical and graphical evi-

dence see Section 5 and, in particular, Figure 1). These findings contradict some of

the results of Abrevaya and Huang (2005) (especially Theorem 4 and the conclusions

of Section 4 of that paper) where it is claimed that for some single-parameter estima-

tors a simple method for inference based upon the naive bootstrap can be developed

in spite of its inconsistency.

Thus, in order to apply the bootstrap to this problem some modifications of the

classical approach are required. Two variants of the classical bootstrap that can be

applied in this situation are the so-called m-out-of-n bootstrap and subsampling. The

performance of subsampling for inference on the maximum score estimator has been

studied in Delgado et al. (2001). The consistency of the m-out-of-n bootstrap can

be deduced from the results in Lee and Pun (2006). Despite their simplicity, the

reliability of both methods depends crucially on the size of the subsample (the m in

the m-out-of-n bootstrap and the block size in subsampling) and a proper choice of

this tuning parameter is difficult. Thus, it would be desirable to have alternative,

more automated and consistent bootstrap procedures for inference in the general

setting of the binary choice model of Manski.

In this paper we propose three model-based bootstrap procedures (i.e., procedures

that use the model setup and assumptions explicitly to construct bootstrap schemes;

see Section 2 for the details) that provide an alternative to subsampling and the

m-out-of-n bootstrap methods. We prove that these procedures are consistent for

the maximum score estimator under quite general assumptions. In doing so, we

also prove a general convergence theorem for triangular arrays of random variables

coming from binary choice models that can be used to verify the consistency of any
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bootstrap scheme in this setup. We derive our results in greater generality than

most authors by assuming that β0 belongs to the unit sphere in Rd as opposed to

fixing its first co-ordinate to be 1 (as in Abrevaya and Huang (2005)). To make

the final results more accessible we express them in terms of integrals with respect

to the Lebesgue measure as opposed to surface measures, as in Kim and Pollard

(1990). In addition, we run simulation experiments to compare the finite sample

performances of the different bootstrap procedures. Our results indicate that one of

our proposed methods, the smooth bootstrap (see Section 2.2.4), outperforms all the

others. Moreover, we also conclude that the other two proposed procedures, fixed

and random design residual bootstraps (see Sections 2.2.2 and 2.2.3, respectively),

perform at least as well as the best m-out-of-n bootstrap procedures while being

less dependent on the choice of tuning parameters. Our analysis also illustrates the

inconsistency of the classical bootstrap. To the best of our knowledge, this paper is

the first attempt to understand the behavior of model-based bootstrap procedures

under very general heteroscedasticity assumptions for the maximum score estimator.

Our exposition is organized as follows: in Section 2 we introduce the model and our

assumptions (Section 2.1) and give a brief description of bootstrap and the bootstrap

procedures to be considered in this paper (Section 2.2). In Section 3 we prove a

general convergence theorem for triangular arrays of random variables coming from

binary choice models (see Theorem 3.1) that will be useful in verifying the consistency

of the proposed bootstrap schemes, investigated in Section 4. We study and compare

the finite sample performance of the different bootstrap schemes in Section 5 through

simulation experiments. Additionally, we include an Appendix (Sections A and B)

with some auxiliary results and some technical details omitted from the main text.
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2 The model and the bootstrap procedures

2.1 The maximum score estimator

Consider a Borel probability measure P on Rd+1, d ≥ 2, such that if (X,U) ∼ P then

X takes values in a closed, convex region X ⊂ Rd with X◦ 6= ∅ and U is a real-valued

random variable that satisfies med (U |X) = 0, where med (·) represents the median.

We only observe (X, Y ) where Y := 1βT0 X+U≥0 for some β0 ∈ Sd−1, where Sd−1 is

the unit sphere in Rd (with respect to the Euclidian norm). We assume that, under

P, X has a continuous distribution with a strictly positive density p on X◦ which

is continuously differentiable on X◦ and such that ∇p is integrable (with respect to

Lebesgue measure) over X. We take the function

κ(x) := P (Y = 1|X = x) = P
(
βT0 X + U ≥ 0|X = x

)
(1)

to be continuously differentiable on X◦. Finally, we suppose that the set {x ∈

X◦ : ∇κ(x)Tβ0 > 0} intersects the hyperplane {x ∈ Rd : βT0 x = 0} and that∫
|∇κ(x)|xxTp(x) dx is well-defined.

Observe that Y |X = x ∼ Bernoulli(κ(x)) and this plays a crucial role in the

sequel. Our approach is model-based and it exploits the above relationship be-

tween Y and X using a non-parametric estimator of κ(x). The median restriction

med (U |X) = 0 on the unobserved variable U implies that βT0 x ≥ 0 if and only if

κ(x) ≥ 1/2 for all x ∈ X.

Given observations (X1, Y1), . . . , (Xn, Yn) from such a model, we wish to estimate

β0 ∈ Sd−1. A maximum score estimator of β0 is any element β̂n ∈ Sd−1 that satisfies:

β̂n := argmax
β∈Sd−1

{
1

n

n∑
j=1

(
Yj −

1

2

)
1βTXj≥0

}
. (2)

Note that there may be many elements of Sd−1 that satisfy (2). We will focus on

measurable selections of maximum score estimators, that is, we will assume that we

can compute the estimator in such a way that β̂n is measurable (this is justified in

view of the measurable selection theorem, see Chapter 8 of Aubin and Frankowska

(2009)). We make this assumption to avoid the use of outer probabilities.
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Our regularity conditions are similar to those in Example 6.4 of Kim and Pollard

(1990) and imply those in Manski (1985). Hence, a consequence of Lemmas 2 and 3 in

Manski (1985) is that the parameter β0 is identifiable and the unique maximizer of the

process Γ(β) := P
[(
Y − 1

2

)
1βTX≥0

]
. Similarly, Theorem 1 in the same paper implies

that if (β̂n)∞n=1 is any sequence of maximum score estimators, we have β̂n
a.s.−→ β0.

2.2 The bootstrap schemes

We want to investigate the consistency of different bootstrap procedures for con-

structing confidence regions for β0. We start by briefly reviewing the bootstrap.

Given a sample Wn = {W1,W2, . . . , Wn}
iid∼ L from an unknown distribution L on

some Euclidean space (or, more generally, on some Polish space), suppose that the

distribution function Gn of some random variable Vn ≡ Vn(Wn, L) is of interest; Vn

is usually called a root and it can in general be any measurable function of the data

and the distribution L. The bootstrap method can be broken into three simple steps:

(i) Construct an estimator L̂n of L from Wn.

(ii) Generate W∗
n = {W ∗

1 , . . . ,W
∗
mn}

iid∼ L̂n given Wn.

(iii) Estimate Gn by Ĝn, the conditional distribution of Vn(W∗
n, L̂n) given Wn.

Let ρ denote the Prokhorov metric or any other metric metrizing weak convergence

of probability measures. We say that Ĝn is consistent if ρ(Gn, Ĝn)
P→ 0; if Gn has a

weak limit G, this is equivalent to Ĝn converging weakly to G in probability. Similarly,

Ĝn is strongly consistent if ρ(Gn, Ĝn)
a.s.→ 0. Intuitively, an L̂n that mimics the essential

properties of the underlying distribution L can be expected to perform well. The

choice of L̂n mostly considered in the literature is the empirical distribution function

(EDF). Despite being a good estimator in many situations, the EDF can fail to

capture some properties of L that may be crucial for the problem under consideration.

This is especially true in nonstandard problems and, in particular, in the case of the

maximum score estimator: it was shown in Abrevaya and Huang (2005) that the EDF

bootstrap is inconsistent.
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We will denote by Z = σ ((Xn, Yn)∞n=1) the σ-algebra generated by the sequence

(Xn, Yn)∞n=1 =
(
Xn,1βT0 Xn+Un≥0

)∞
n=1

with (Xn, Un)∞n=1

i.i.d.∼ P and write PZ (·) =

P (· |Z ) and EZ (·) = E (· |Z ). We will approximate the distribution of ∆n =

n1/3(β̂n − β0) by PZ (∆∗n ≤ x), the conditional distribution of ∆∗n = m
1/3
n (β∗n − β̂n),

and use this to build a CI for β0, where β∗n is a maximum score estimator of β0

obtained from the bootstrap sample and β̂n is an estimator satisfying (2). In what

follows we will introduce 5 bootstrap procedures to do inference on the maximum

score estimator. We will prove the consistency of three of them using the results of

Section 3.

To guarantee the consistency of the bootstrap procedures we need to make the

following assumption on P.

(A0) There is r > 2 and a continuous, nonnegative, integrable function D : X →

R such that |κ(x) − 1/2| ≤ D(x)|βT0 x| for all x ∈ X and the function t 7→

P
(
|X|rD(X)r1|βT0 X|≤t|X|

)
is Lipschitz around 0.

Remark: Although condition (A0) is not common in the literature, it is indeed

satisfied in many frequently encountered situations. For instance, if P (|X|r) <

∞ an ∇κ(X) is bounded on X, an application of the mean value theorem shows

that for any x ∈ X◦ there is θx ∈ [0, 1] such that |κ(x) − 1/2| = |κ(x) − κ(x −

(βT0 x)β0)| = |(βT0 x)∇κ(x + θx(β
T
0 x)β0)Tβ0| and hence (A0) holds (with D(x) =

|∇κ(x+ θx(β
T
0 x)β0)|). Thus (A0) will be true, in particular, if X is compact.

2.2.1 Scheme 1 (classical bootstrap)

Compute β∗n from a random sample (X∗n,1, Y
∗
n,1), . . . , (X∗n,n, Y

∗
n,n) from the EDF of the

data (X1, Y1), . . . , (Xn, Yn).

2.2.2 Scheme 2 (fixed design residual bootstrap)

A natural alternative to the classical with replacement bootstrap in a regression

context consists of sampling the “residuals” fixing the covariates. We will now present
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a bootstrap procedure constructed in this manner. To construct the “residuals” we

explicitly model κ(·), defined in (1).

(i) Use the data (X1, Y1), . . . , (Xn, Yn) to find a smooth approximation κ̃n of κ

(e.g., using kernel regression procedures) satisfying the following properties: κ̃n

converges to κ uniformly on compact subsets of X◦ with probability (w.p.) 1

and there is q > 1 such that µn(|κ̃n − κ|rq)1/rq = oP(n−(r+2)/3r), P(|κ̃n(X) −

κ(X)|rq)1/rq = oP(n−(r+2)/3r) and P
(
|X|

rq
q−1

)
< ∞, where r > 2 is given by

(A0) and µn is the empirical measure of X1, . . . , Xn.

(ii) Let κ̂n(x) := κ̃n(x)1β̂Tn x(κ̃n(x)−1/2)≥0 + 1
2
1β̂Tn x(κ̃n(x)−1/2)<0, where β̂n is a maximum

score estimator computed from the data.

(iii) Obtain independent random variables Y ∗n,1, . . . , Y
∗
n,n such that

Y ∗n,j ∼ Bernoulli(κ̂n(Xj)).

(iv) Let β∗n be any minimizer of

S∗n(β) :=
1

n

n∑
k=1

(
Y ∗n,k −

1

2

)
1βTXk≥0

Remark: Steps (i) and (ii) deserve comments. We start with (ii). Note that,

as opposed to κ̃n, the modified estimator κ̂n satisfies the inequality (β̂Tn x)(κ̂n(x) −

1/2) ≥ 0 for all x ∈ X. This inequality guarantees that the latent variable struc-

ture of P is reflected by the bootstrap sample. It implies the existence of inde-

pendent variables U∗n,1, . . . , U
∗
n,n such that med

(
U∗n,j|X∗n,j

)
= 0 and E

(
Y ∗n,j|X∗n,j

)
=

E
(

1β̂TnX∗n,j+U∗n,j≥0

∣∣∣X∗n,j).

With respect to (i), a reasonable question is that of whether or not the specified

rates are actually achievable. According to Stone (1982) the optimal and achiev-

able rate of convergence for estimating κ nonparametrically is n−
p

2p+d if k is p times

continuously differentiable over X.
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2.2.3 Scheme 3 (random design residual bootstrap)

As an alternative to fixing the predictor values, we can also generate them randomly

from the empirical distribution of the X’s. We describe the scheme below.

(i) Sample X∗n,1, . . . , X
∗
n,n

i.i.d.∼ µn, where µn is the empirical measure of X1, . . . , Xn.

(ii) Do (i)–(ii) of Scheme 2.

(iii) Obtain independent random variables Y ∗n,1, . . . , Y
∗
n,n such that

Y ∗n,j ∼ Bernoulli(κ̂n(X∗n,j)).

(iv) Compute β∗n as a maximum score estimator from the bootstrap sample

(X∗n,1, Y
∗
n,1), . . . , (X∗n,n, Y

∗
n,n).

2.2.4 Scheme 4 (smooth bootstrap)

It will be seen in Theorem 3.1 that the asymptotic distribution of ∆n depends on

the behavior of the distribution of X under P around the hyperplane H := {x ∈

Rd : βT0 x = 0}. As the EDF is a discrete distribution, a smooth approximation

to F (·) := P(X ∈ (·)), the law of X under P, might yield a better finite sample

approximation to the local behavior around H. Indeed our simulation studies clearly

illustrate this point (see Section 5). This scheme can be described as follows:

(i) Choose an appropriate nonparametric smoothing procedure (e.g., kernel density

estimation) to build a distribution F̂n with a density p̂n such that ‖F̂n−F‖∞
a.s.−→

0 and p̂n → p pointwise on X◦ w.p. 1. Assume that, in addition, we have that

‖p̂n − p‖1 = OP(εn) for some sequence (εn)∞n=1 with εn = o(n−1/3), where ‖ · ‖1

stands for the L1 norm in Rd with respect to Lebesgue measure.

(ii) Get i.i.d. replicates X∗n,1, . . . , X
∗
n,n from F̂n.

(iii) Do steps (ii)-(iv) of Scheme 3.
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2.2.5 Scheme 5 (m-out-of-n bootstrap)

Consider an increasing sequence (mn)∞n=1 with mn = o(n). Obtain a random sample

of size mn from the EDF of the data and compute the maximum score estimator β∗n

from it.

3 A convergence theorem

We will now present a convergence theorem for triangular arrays of random variables.

This theorem will be applied in Section 4 to prove the consistency of the bootstrap

procedures described in Sections 2.2.2, 2.2.3 and 2.2.4. We would like to point out

that the results of this section hold even if assumption (A0) of Section 2.2 is not

satisfied.

We start by introducing some notation. For a signed Borel measure µ on some

metric space (X, ρ) and a Borel measurable function f : X → C which is either

integrable or nonnegative we will use the notation µ(f) :=
∫
fdµ; if G is a class of

such functions on X we write ‖µ‖G := sup{|µ(f)| : f ∈ G}. We will also make use

of the sup-norm notation, that is, for functions g : X → Rd, G : X → Rd×d we write

‖g‖X := sup{|g(x)| : x ∈ X} and ‖G‖X := sup{‖G(x)‖2 : x ∈ X}, where | · | stands for

the usual Euclidian norm and ‖ · ‖2 denotes the matrix L2-norm on the space Rd×d

of all d× d real matrices (see Meyer (2001), page 281). We will regard the elements

of Euclidian spaces as column vectors.

Suppose that we are given a probability space (Ω,A,P) and a triangular array of

random variables {(Xn,j, Un,j)}n∈N1≤j≤mn where (mn)∞n=1 is a sequence of natural num-

bers satisfying mn ↑ ∞, and Xn,j and Un,j are Rd and R valued random variables,

respectively. Furthermore, assume that the rows {(Xn,1, Un,1), . . . , (Xn,mn , Un,mn)}

are formed by independent random variables. Denote by Qn,j the distribution of

(Xn,j, Un,j), 1 ≤ j ≤ mn, n ∈ N and define the probability measure Qn := 1
mn

(Qn,1 +

. . .+ Qn,mn). Consider the class of functions{
fα,β :=

(
1βT x+u≥0 −

1

2

)
1αT x≥0 : α, β ∈ Rd

}
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and the class

F :=

{(
κ(x)− 1

2

)
1βT x≥0 : β ∈ Rd

}
.

Our assumptions on P imply that Γ(β) = P(fβ,β0) is twice continuously differentiable

on a neighborhood of β0 (see Lemma A.1) and that the Hessian matrix ∇2Γ(β0) is

nonpositive definite on an open neighborhood U ⊂ Rd of β0. The main properties of

Γ are established in Lemma A.1 of the Appendix.

We take the measures {Qn,j}n∈N1≤j≤mn to satisfy the following conditions:

(A1) ‖Qn − P‖F → 0 and the sequence of x-marginals {Qn((·)× R)}∞n=1 is uniformly

tight.

(A2) If (X,U) ∼ Qn,j with X and U taking values in Rd and R, respectively, then

med (U |X) = 0.

(A3) There are βn ∈ Sd−1 and a Borel measurable function κn : X → [0, 1] such

that κn(x) = Qn,j(β
T
nX + U ≥ 0|X = x) for all 1 ≤ j ≤ mn and κn converges

to κ uniformly on compact subsets of X◦. Moreover, there is ν > 2 such that

P(|κn(X)− κ(X)|ν)1/ν = o(m
−(1+ν)/3ν
n ).

(A4) Let Fn,K be a measurable envelope of the class of functions Fn,K := {1βT x≥0 −

1βTn x≥0 : |β−βn| ≤ K}. Note that there are two small enough constants C,K∗ >

0 such that for any 0 < K ≤ K∗ and n ∈ N, Fn,K can be taken to be of the

form 1βTKx≥0>αTKx
+ 1αTKx≥0>βTKx

for αK , βK ∈ Rd satisfying |αK − βK | ≤ CK.

We assume that there exist R0,∆0 ∈ (0, K∗ ∧ 1] and a decreasing sequence

(εn)∞n=1 of positive numbers with εn ↓ 0 such that for any n ∈ N and for any

∆0m
−1/3
n < R ≤ R0 we have

(i) |(Qn − P)(F 2
n,R)| ≤ ε1R;

(ii) sup
|α−βn|∨|β−βn|≤R

|α−β|≤R

|(Qn − P)(κn(X)(1αTX≥0 − 1βTX≥0))| ≤ εnRm
−1/3
n ;

(iii) sup
|α−βn|∨|β−βn|≤R

|α−β|≤R

|(Qn − P)(1αTX≥0 − 1βTX≥0)| ≤ εnRm
−1/3
n .
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(A5) |∇Γ(βn)| = O(m
−1/3
n ).

In this context we write Yn,j := 1βTnXn,j+Un,j≥0 for 1 ≤ j ≤ mn, Mn(β) := Qn (fβ,βn)

and recall Γ(β) = P (fβ,β0) for n ∈ N and β ∈ Sd−1. Note that the observable data

consists of the pairs {(Xn,j, Yn,j)}mnj=1. We will say that β∗n ∈ Sd−1 is a maximum score

estimator based on (Xn,j, Yn,j), 1 ≤ j ≤ mn, if it is a maximizer of 1/mn

∑mn
j=1(Yn,j −

1/2)1βTXn,j≥0.

Before attempting to prove any asymptotic results, we will state the following

lemma which establishes an important relationship between the βn’s above and β0.

Lemma 3.1 Under {A1-A3}, we have βn → β0.

Proof: Note that because of (A2) we can write

Mn(β) =
1

mn

mn∑
j=1

Qn,j

(
(Qn,j(U ≥ −βTnX|X)−Qn,j(U ≥ 0|X))1βTX≥0,βTnX≥0

)
+

1

mn

mn∑
j=1

Qn,j

(
(Qn,j(U ≥ −βTnX|X)−Qn,j(U ≥ 0|X))1βTX≥0,βTnX<0

)
.

Because the second term on the right-hand side is clearly nonpositive, we have that

Mn(β) ≤Mn(βn) for all β ∈ Sd−1. Now let ε > 0 and consider a compact set Xε such

that Qn(Xε × R) > 1 − ε for all n ∈ N (its existence is guaranteed by (A1)). Then,

the identity Qn(fβ,βn) = Qn((κn(X) − 1/2)1βTX≥0) implies |Mn(β) − Qn((κ(X) −

1/2)1βTX≥0)| ≤ 2Qn((Rd \Xε)×R) +‖κn−κ‖Xε for all β ∈ Sd−1. Consequently, (A1),

(A2) and (A3) put together show that lim ‖Mn−Qn((κ(X)−1/2)1(·)TX≥0)‖Sd−1 ≤ 2ε.

But ε > 0 was arbitrarily chosen and we also have ‖Qn − P‖F → 0, so we therefore

have ‖Mn − Γ‖Sd−1 → 0. Considering that β0 is the unique maximizer of the con-

tinuous function Γ we can conclude the desired result as βn maximizes Mn and the

argmax function is continuous on continuous functions with unique maximizers (un-

der the sup-norm). �
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3.1 Consistency and rate of convergence

We now introduce some additional notation. Denote by P∗n the empirical measure

defined by the row (Xn,1, Un,1) . . . , (Xn,mn , Un,mn). Note that a vector β∗n ∈ Sd−1 is a

maximum score estimator of βn if it satisfies

β∗n = argmax
β∈Sd−1

{P∗n(fβ,βn)}.

We are now in a position to state our first consistency result.

Lemma 3.2 If {A1-A3} hold, β∗n
P−→ β0.

Proof: Consider the classes of functions F1 := {1βT x+u≥0,αT x≥0 : α, β ∈ Rd} and

F2 := {1αT x≥0 : α ∈ Rd}. Since the class of all half-spaces of Rd+1 is VC (see Exercise

14, page 152 in Van der Vaart and Wellner (1996)), Lemma 2.6.18 in page 147 of

Van der Vaart and Wellner (1996) implies that F1 = {1βT x+u≥0 : β ∈ Rd}∧ {1αT x≥0 :

α ∈ Rd} and F2 are both VC-subgraph classes of functions. Since these classes have

the constant one as measurable envelope, they are Euclidian and, thus, manageable in

the sense Definition 7.9 in page 38 of Pollard (1990) and hence, the maximal inequal-

ity 7.10 in page 38 of Pollard (1990) implies the existence of two positive constants

J1, J2 < ∞ such that E (‖P∗n −Qn‖F1) ≤ J1√
mn

and E (‖P∗n −Qn‖F2) ≤ J2√
mn

. As

F = F1− 1
2
F2 this implies that ‖P∗n−Qn‖F

P−→ 0. Considering that ‖Mn−Γ‖Sd−1 → 0

(as shown in the proof of Lemma 3.1), the result follows from an application of Corol-

lary 3.2.3 in page 287 of Van der Vaart and Wellner (1996). �

We will now deduce the rate of convergence of β∗n. To this end, we introduce the

functions Γn : Rd → R given by

Γn(β) := P
(
(κn(X)− 1/2) 1βTX≥0

)
.

It will be shown that β∗n converges at rate m
−1/3
n . The proof of this fact relies on

empirical processes arguments like those used to prove Lemma 4.1 in Kim and Pollard

(1990). To adapt those ideas to our context (a triangular array with independent,

13



non-identically distributed rows) we need a maximal inequality specially designed for

this situation. This is given in the following Lemma (proved in Section A.1).

Lemma 3.3 Under {A1-A5}, there is a constant CR0 > 0 such that for any R > 0

and n ∈ N such that ∆0m
−1/3
n ≤ Rm

−1/3
n ≤ R0 we have

E

(
sup

|βn−β|≤Rm−1/3
n

{|(P∗n −Qn)(fβ,βn − fβn,βn)|}2

)
≤ CR0Rm

−4/3
n ∀ n ∈ N.

With the aid of Lemma 3.3 we can now derive the rate of convergence of the

maximum score estimator.

Lemma 3.4 Under {A1-A5}, m1/3
n (β∗n − βn) = OP(1).

Proof: Take R0 as in (A4), let ε > 0 and define

Mε,n := inf

a > 0 : sup
|β−βn|≤R0

β∈Sd−1

{|(P∗n −Qn)(fβ,βn − fβn,βn)| − ε|β − βn|2} ≤ am−2/3
n

 ;

Bn,j := {β ∈ Sd−1 : (j − 1)m−1/3
n < |β − βn| ≤ jm−1/3

n ∧R0}.

Then, by Lemma 3.3 we have

P (Mε,n > a)

= P
(
∃ β ∈ Sd−1, |β − βn| ≤ R0 : |(P∗n −Qn)(fβ,βn − fβn,βn)| > ε|β − βn|2 + a2m−2/3

n

)
≤

∞∑
j=1

P
(
∃ β ∈ Bn,j : m2/3

n |(P∗n −Qn)(fβ,βn − fβn,βn)| > ε2(j − 1)2 + a2
)

≤
∞∑
j=1

m
4/3
n

(ε(j − 1)2 + a2)2
E

(
sup

|βn−β|<jm−1/3
n ∧R0

{|(P∗n −Qn)(fβ,βn − fβn,βn)|}2

)

≤ CR0

∞∑
j=1

j

(ε(j − 1)2 + a2)2
→ 0 as a→∞.

It follows that Mε,n = OP(1). On the other hand, by (ii) and (iii) of (A4) and the

fact that Qn(fβ,βn) = Qn((κn(X)− 1/2)1βTX≥0)) imply that

|(Qn(fβ,βn − fβn,βn)− (Γn(β)− Γn(βn))| ≤ 3

2
εnm

−1/3
n |β − βn|

14



for all n ∈ N and ∆0m
−1/3
n ≤ |β − βn| ≤ R0. Also, Lemma A.2 implies that

|(Γn − Γ)(β∗n)− (Γn − Γ)(βn)| ≤ |β∗n − βn|(ν−1)/νo(m−(ν+1)/3ν
n ).

On the other hand, Lemma A.1 implies that ∇2Γ is continuous around β0 and that

there is a convex, open set U ⊂ Rd containing β0 such that ∇2Γ(β) is negative

definite on U \ {tβn : t ≥ 0}. Without loss of generality, assume in addition ε > 0

is small enough so that the largest eigenvalue of ∇2Γ(β) is smaller than −2ε for all

β ∈ U \ {tβn : t ≥ 0}. Hence, as β∗n
P−→ β0 and βn → β0, there is N > 0 such that

for all n ≥ N we have that βn, β
∗
n ∈ U \ {tβn : t ≥ 0} and

Γn(β∗n)− Γn(βn) < |β∗n − βn|(ν−1)/νo(m−(ν+1)/3ν
n ) + |∇Γ(βn)||β∗n − βn| − 2ε|β∗n − βn|2,

with probability tending to one. Putting all these facts together, and considering

Lemma 3.2, we conclude that, with probability tending to one, whenever |β∗n− βn| ≥

∆0m
−1/3
n , we also have

P∗n(fβ∗n,βn − fβn,βn)

≤ Qn(fβ∗n,βn − fβn,βn) + ε|β∗n − βn|2 +M2
ε,nm

−2/3
n

≤ Γn(β∗n)− Γn(βn) +
3

2
εn|β∗n − βn|m−1/3

n + ε|β∗n − βn|2 +M2
ε,nm

−2/3
n

≤ |β∗n − βn|(ν−1)/νo(m−(ν+1)/3ν
n ) + |∇Γ(βn)||β∗n − βn| − 2ε|β∗n − βn|2

+
3

2
εn|β∗n − βn|m−1/3

n + ε|β∗n − βn|2 +M2
ε,nm

−2/3
n

≤ −ε|β∗n − βn|2 +
3

2
εn|β∗n − βn|m−1/3

n +M2
ε,nm

−2/3
n + |∇Γ(βn)||β∗n − βn|

+∆
−1/ν
0 m−1/3

n |β∗n − βn|O(1).

Finally, using (A5) and the fact that Mε,n = OP(1) and P∗n(fβ∗n,βn − fβn,βn) ≥ 0, we

can conclude that with probability tending to one as n→∞ we can write

ε|β∗n − βn|2 ≤ OP(m−1/3
n )|β∗n − βn|+OP(m−2/3

n ).

The result now easily follows. �
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3.2 Asymptotic distribution

Before going into the derivation of the limit law of β∗n, we need to introduce some

further notation. Consider a sequence of matrices (Hn)∞n=1 ⊂ Rd×(d−1) and H ∈

Rd×(d−1) satisfying the following properties:

(a) ξ 7→ Hnξ and ξ 7→ Hξ are bijections from Rd−1 to the hyperplanes {x ∈ Rd :

βTn x = 0} and {x ∈ Rd : βT0 x = 0}, respectively.

(b) The columns of Hn and H form orthonormal bases for {x ∈ Rd : βTn x = 0} and

{x ∈ Rd : βT0 x = 0}, respectively.

(c) There is a constant CH > 0, depending only on H, such that ‖Hn − H‖2 ≤

CH |βn − β0|.

We now give an intuitive argument for the existence of such a sequence of matrices.

Imagine that for β0 we find an orthonormal basis {e0,1, . . . , e0,d−1} for the hyperplane

{x ∈ Rd : βT0 x = 0} and we let H have these vectors as columns. We then obtain the

rigid motion T : Rd → Rd that moves β0 to βn and the hyperplane {x ∈ Rd : βT0 x = 0}

to {x ∈ Rd : βTn x = 0}. We let the columns of Hn be given by {T e0,1, . . . , T e0,d−1}.

The resulting sequence of matrices will satisfy the (a), (b) and (c) for some constant

CH .

Note that (b) implies that HT
n and HT are the Moore-Penrose pseudo-inverses

of Hn and H, respectively. In particular, HT
nHn = HTH = Id−1, where Id−1

is the identity matrix in Rd−1 (in the sequel we will always use this notation for

identity matrices on Euclidian spaces). Additionally, it can be inferred from (b)

that HT
n (Id − βnβ

T
n ) = HT

n and HT (Id − β0β
T
0 ) = HT . Now, for each s ∈ Rd−1

define βn,s :=

(√
1− (m

−1/3
n |s|)2 ∧ 1βn +m

−1/3
n Hns

)
1|s|≤m1/3

n
+ |s|−1Hns1|s|>m1/3

n
.

Note that as long as |s| ≤ m
1/3
n we have βn,s ∈ Sd−1 with Hns being the orthog-

onal projection of βn,s onto the hyperplane generated by βn. Define the process

Λn(s) := m
2/3
n P∗n(fβn,s,βn − fβn,βn). Observe that if (β∗n)∞n=1 is a sequence of maximum
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score estimators, then with probability tending to one as n→∞ we have

s∗n := m1/3
n HT

n (Id − βnβTn )(β∗n − βn) = m1/3
n HT

n (β∗n − βn) = argmax
s∈Rd−1

{Λn(s)}. (3)

Considering this, we will regard the processes Λn as random elements in the space

of locally bounded real-valued functions on Rd−1 (denoted by Bloc(Rd−1)) and then

derive the limit law of s∗n by applying the argmax continuous mapping theorem. We

will take the space Bloc(Rd−1) with the topology of uniform convergence on compacta.

Our approach is based on that in Kim and Pollard (1990).

To properly describe the asymptotic distribution we need to define the function

Σ : Rd−1 × Rd−1 → R as follows:

Σ(s, t) :=
1

4

∫
Rd−1

{[(sT ξ) ∧ (tT ξ)]+ + [(sT ξ) ∨ (tT ξ)]−}p(Hξ) dξ

=
1

8

∫
Rd−1

(|sT ξ|+ |tT ξ| − |(s− t)T ξ|)p(Hξ) dξ.

Additionally, denote byWn the Bloc(Rd−1)-valued process given byWn(s) := m
2/3
n (P∗n−

Qn)(fβn,s,βn − fβn,βn). In what follows, the symbol  will denote distributional con-

vergence. We are now in a position to state and prove our convergence theorem.

Theorem 3.1 Assume that {A1-A5} hold. Then, there is a Bloc(Rd−1)-valued stochas-

tic process Λ of the form Λ(s) = W (s) + 1
2
sTHT∇2Γ(β0)Hs, where W is a zero-mean

Gaussian process in Bloc(Rd−1) with continuous sample paths and covariance function

Σ. Moreover, Λ has a unique maximizer with probability one and we have

(i) Λn  Λ in Bloc(Rd−1).

(ii) s∗n  s∗ := argmax
s∈Rd−1

{Λ(s)}.

(iii) m1/3
n (β∗n − βn) Hs∗.

Proof: Lemmas A.5 and A.6 imply that the sequence (Wn)∞n=1 is stochastically

equicontinuous and that its finite dimensional distributions converge to those of a

zero-mean Gaussian process with covariance Σ. From Theorem 2.3 in Kim and Pol-

lard (1990) we know that here exists a continuous process W with these properties
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and such that Wn  W . Moreover, from Lemma A.3 (i) and (iii) we can easily de-

duce that Λn−Wn−m2/3
n (Γn(βn,(·))−Γn(βn))

P−→ 0 and m
2/3
n (Γn(βn,(·))−Γn(βn))

P−→
1
2
(·)THT∇2Γ(β0)H(·) on Bloc(Rd−1) (with the topology of convergence on compacta).

Thus, applying Slutsky’s Lemma (see Example 1.4.7, page 32 in Van der Vaart and

Wellner (1996)) we get that Λn  Λ. The uniqueness of the maximizers of the sample

paths of Λ follows from Lemmas 2.5 and 2.6 in Kim and Pollard (1990). Finally, an

application of Theorem 2.7 in Kim and Pollard (1990) gives (ii); (iii) follows from

(3). �

As a corollary we immediately get the asymptotic distribution of the maximum

score estimator (by taking κn = κ and βn = β0).

Corollary 3.1 If (Xn.Un)∞n=1
i.i.d.∼ P and (β̂n)∞n=1 is a sequence of maximum score

estimators computed from (Xn, Yn)∞n=1 then, n1/3(β̂n − β0) H argmax
s∈Rd−1

{Λ(s)}.

One final remark is to be made about the process Λ. The quadratic drift term can

be rewritten, by using the matrix H to evaluate the surface integral, to obtain the

following more convenient expression

Λ(s) = W (s)− 1

2
sT
(∫

Rd−1

(∇κ(Hξ)Tβ0)p(Hξ)ξξT dξ

)
s.

4 Consistency of the bootstrap procedures

In this section we study the consistency of the bootstrap procedures proposed in

Section 2.2. We recall the notation and definitions established in Section 2.2. We will

show that schemes 2, 3 and 4 in Section 2.2 are consistent. The classical bootstrap

scheme is known to be inconsistent for the maximum score estimator. This is argued in

Abrevaya and Huang (2005). The subsampling scheme for this problem (see Section

2.2.5) has been analyzed in Delgado et al. (2001). Consistency of the m-out-of-n

bootstrap for the maximum score estimator can be deduced from the results in Lee

and Pun (2006).
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4.1 Fixed design residual bootstrap

We will prove the consistency of this bootstrap scheme appealing to Theorem 3.1.

For the proof of the following result, recall the notation and definitions in Section

2.2.2.

Theorem 4.1 Under (A0) and the conditions of the fixed design residual bootstrap

(see Section 2.2.2), the conditional distribution of n1/3(β∗n−β̂n) given (X1, Y1), . . . , (Xn, Yn)

consistently estimates the distribution of n1/3(β̂n − β0).

Proof: Set Qn,j to be a probability measure in Rd+1 such that whenever (X,U) ∼

Qn,j we have that X = Xj (that is, X has as distribution the dirac measure concen-

trated at Xj) and Qn,j(β̂
T
nX + U ≥ 0|X) = κ̂n(Xj). By the remark made at the end

of Section 2.2.2, the bootstrap sample can be seen as a realization of independent

random vectors of the form (X∗n,j,1β̂TnX∗n,j+U∗n,j≥0) with (X∗n,j, U
∗
n,j) ∼ Qn,j. Note that

in this case the marginal of X under Qn is Qn((·) × R) = µn(·). Lemmas B.2 and

B.3, together with the properties of κ̃n in (i) of Section 2.2.2, imply that every sub-

sequence (Qnk)
∞
k=1 has a further subsequence (Qnks

)∞s=1 for which properties {A1-A4}

in Section 3 hold with probability one (here one takes ν ∈ (2, r) with r > 2 as in

(A0) and sets ms = nks , βs = β̂nks , Qs,j = Qnks ,j
and κs = κ̂nks ). To complete the

argument, we would like to use Lemma B.1 to show that every subsequence (Qnk)
∞
k=1

has a further subsequence for which (A5) holds almost surely. However, Lemma B.1

only states that ∇Γ(β̂n) = OP(1) and this fact alone does not allow us to prove such

a claim. To remedy this situation, further justification is required and we give it in

the following paragraph.

Let δ, η > 0 and An = [|∇Γ(β̂n)| > η]. Choose η large enough so that P (An) < δ

for all n ∈ N. Note that each An is measurable with respect to the σ-algebra generated

by (X1, Y1), . . . , (Xn, Yn). Denote by ρ the Prokhorov metric and by λn and λ∗n, respec-

tively, the law of n1/3(β̂n−β0) and the conditional distribution of n1/3(β∗n− β̂n) given

the data. Finally, define λ̃n := λn1An + λ∗n1Ω\An . For each n ∈ N, λ̃n can be thought

as the conditional law (given the data) of n1/3(β̃n− β̂n1Ω\An−β01An), where β̃n is the
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maximum score estimator from the sample (X̃n,1, Ỹn,1), . . . , (X̃n,n, Ỹn,n) defined to be

(X1, Y1), . . . , (Xn, Yn) should event An happen and (X∗n,1, Y
∗
n,1), . . . , (X∗n,n, Y

∗
n,n) other-

wise. Then, the definition of An and the arguments in the preceding paragraph imply

that for every subsequence of the sequence of laws generating (X̃n,1, Ỹn,1), . . . , (X̃n,n, Ỹn,n)

there is a further subsequence for which {A1-A5} hold almost surely. Hence, an ap-

plication of Theorem 3.1 shows that ρ(λ̃n, λn)
P−→ 0. But then, P (ρ(λ∗n, λn) > δ) ≤

P (An) + P
(
ρ(λ̃n, λn) > δ

)
for all n ∈ N and hence lim P (ρ(λ∗n, λn) > δ) ≤ δ. As

δ > 0 was arbitrarily chosen, this finishes the proof. �

4.2 Random design residual bootstrap

The consistency of this procedure is given in the following result.

Theorem 4.2 Under (A0) and the conditions of the random design residual bootstrap

(see Section 2.2.2), the conditional distribution of n1/3(β∗n−β̂n) given (X1, Y1), . . . , (Xn, Yn)

consistently estimates the distribution of n1/3(β̂n − β0).

Proof: Let Qn be the probability measure on Rd+1 such that if (X,U) ∼ Qn

then X ∼ µn and E
(

1β̂TnX+U≥0

∣∣∣X = Xj

)
= κ̂n(Xj) for all j = 1, . . . , n. Then,

by the remark at the end of Section 2.2.2, we can regard the bootstrap sample

(X∗n,1, Y
∗
n,1), . . . , (X∗n,n, Y

∗
n,n) as a realization of the form

(X∗n,1,1β̂TnX∗n,1+U∗n,1≥0), . . . , (X∗n,n,1β̂TnX∗n,n+U∗n,n≥0) with (X∗n,1, U
∗
n,1), . . . , (X∗n,n, U

∗
n,n)

i.i.d.∼

Qn. Considering this, we can apply Theorem 3.1 in a similar fashion as in the proof

of Theorem 4.2 to complete de argument. �

4.3 The smooth bootstrap

As in the previous section, we will use Theorem 3.1. Consider the notation of Section

2.2.4. Note that the remark made regarding the condition that β̂Tn x(κ̂n(x)−1/2) ≥ 0

in 2.2.2 also applies for the smooth bootstrap. Let Qn be the probability measure on
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Rd+1 such that if (X,U) ∼ Qn then X ∼ F̂n and E
(

1β̂TnX+U≥0

∣∣∣X) = κ̂n(X). Then,

we can regard the bootstrap samples as (X∗n,1,1β̂TnX∗n,1+U∗n,1≥0), . . . , (X∗n,n,1β̂TnX∗n,n+U∗n,n≥0)

with (X∗n,1, U
∗
n,1), . . . , (X∗n,n, U

∗
n,n)

i.i.d.∼ Qn. For this scheme we have the following re-

sult.

Theorem 4.3 Consider the conditions of the smooth bootstrap scheme (see Section

2.2.4) and assume that (A0) holds. Then, the conditional distribution of n1/3(β∗n−β̂n)

given (X1, Y1), . . . , (Xn, Yn) consistently estimates the distribution of n1/3(β̂n − β0).

Proof: By setting κn = κ̂n, βn = β̂n, ν ∈ (2, r) and Qn,j = Qn one can see with

the aid of Lemma B.2 that every sequence of these objects has a further subsequence

that satisfies {A1-A3} with probability one. As for (A4), it is easily seen that for any

function f which is uniformly bounded by a constant K we have

|(Qn − P)(f(X))| =
∣∣∣∣∫

Rd
f(x)(p̂n(x)− p(x)) dx

∣∣∣∣ ≤ K‖p̂n − p‖1.

It is now straightforward to show that (A4) will hold in probability because ‖p̂n−p‖1 =

OP(εn). The proof can then be completed by arguing as in the last paragraph of the

proof of Theorem 4.1. �

5 Simulation Experiments

In this section we illustrate the finite sample performance of the bootstrap meth-

ods introduced in Section 2.2 through simulation experiments. We take the distri-

bution P on R3 (so d = 2 in this case) to satisfy the assumptions of our model

with β0 = 1√
2
(1, 1)T and such that if (X,U) ∼ P then U |X ∼ N

(
0, 1

(1+|X|2)2

)
and

X ∼ Uniform([−1, 1]2). Thus, in this case κ(x) = 1 − Φ(−βT0 x(1 + |x|2)) which

is, of course, infinitely differentiable. Consequently, according to Stone (1982), the

optimal (achievable) rates of convergence to estimate κ nonparametrically are faster

than those required in (i) of Section 2.2.2. To compute the estimator κ̃n of κ we have
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chosen to use the Nadaraya-Watson estimator with a Gaussian kernel and a band-

width given by Scott’s normal reference rule (see Scott (1992), page 152). We would

like to point out that our selection of the smoothing bandwidth could be improved

by applying data-driven selection methods, such as cross-validation.

We start by showing a plot of the 75%-quantile of the conditional distribution of the

first component of n1/3(β∗n−β̂n) under the different bootstrap schemes and compare it

to that of n1/3(β̂n−β0) for 5 different sample paths as n increases from 2,000 to 30,000,

when sampling is done from the distribution P. Figure 1 shows the 5 plots, each

containing 5 piecewise linear curves: the black (diamond-shape dots), blue (circular

dots) and red (triangular dots) dotted curves correspond to the classical bootstrap,

the random and the fixed design residual bootstraps (schemes 2 and 3), respectively.

The green (square dots) dotted line and (broken) purple line correspond, respectively,

to the 75%-quantile of the distribution of the first coordinate of n1/3(β̂n− β0) and its

asymptotic limit. From each of the conditional distributions 1,000 bootstrap samples

were used to produce the empirical estimates of the corresponding quantile. The

erratic behavior of the classical bootstrap is clearly illustrated in the plots, and this

provides numerical evidence of the fact that the classical bootstrap has no weak

limit in probability. On the other hand, the fixed-design and random design residual

bootstraps exhibit pretty stable paths. The curves corresponding to the quantiles

produced by these two schemes are fluctuating around the green and broken lines

with quite reasonable deviations. This is an indication of their convergence. It must

be noted that the fact that β̂n exhibits cube-root asymptotics implies that one must

go to considerably large sample sizes to obtain reasonable accuracy.

In addition to Figure 1, we will now provide another graphical tool that will

illustrate the convergence of the different bootstrap schemes. We took a sample of

size n = 2000 from P and constructed histograms from the 1000 bootstrap samples

for 7 different schemes: the classical bootstrap, the random design and fixed design

residual bootstrap methods, the smooth bootstrap and m-out-of-n bootstrap with

mn = d
√
ne, dn2/3e, dn4/5e. As before, we used the Nadaraya-Watson estimator with
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Figure 1: Plots of the 75%-quantiles for the conditional distributions of n1/3(β∗
n,1 − β̂n,1) for 5

different sample paths as n increases from 2,000 to 30,000 (by increments of 2,000). The piecewise

linear curves correspond to the classical bootstrap (black), the fixed design bootstrap (red), the

random design bootstrap, together with the corresponding quantiles of n1/3(β̂n,1−β0,1) (green) and

of the asymptotic distribution (purple broken line).

Scott’s normal reference rule and Gaussian kernels to build κ̃n in the cases of random

and design schemes and the smooth bootstrap. For the density estimation step in

the smooth bootstrap, we used a kernel density estimator with Gaussian kernels and

Scott’s normal reference rule for the bandwidth. Similarly, we chose the different

values of mn randomly. Both, the selection of bandwidth and of mn could have been

improved by using data-driven procedures. In particular, the use of crossed-validation

could enhance the performance of the bandwidth-dependent methods. In addition to

all this, the corresponding graphics were also built for 1000 random samples of the

first component of n1/3(β̂n − β0), with n = 2000, and its asymptotic distribution. In

the case of the P described above, the asymptotic distribution of the first component

of n1/3(β̂n − β0) is that of 1√
2

argmaxs∈R{Λ(s)} with Λ(s) := 2−5/4Z(s) − 11

30
√
π
s2,
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where Z is a standard two-sided Brownian motion. The resulting histograms are

displayed in Figure 2.
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Figure 2: Histograms for the conditional distributions of n1/3(β∗
n,1 − β̂n,1) for random samples if

size 1000 with bootstrap distributions built from a sample of size n = 2000 from P. Histograms of

random samples from n1/3(β̂n,1 − β0,1) and its asymptotic distribution are also included.

It is clear from Figure 2 that the histogram from the smooth bootstrap (top-

right) is the one that best approximates those from both, the actual distribution of

n1/3(β̂n,1 − β0,1), n = 2000 (top-center) and its asymptotic distribution (top-left).

The graphic corresponding to the former seems to provide the best approximation

among the different bootstrap schemes not only to the shape, but also to the range

of the latter two. Figure 2 also makes immediately apparent the lack of convergence

of the classical bootstrap as its histogram (middle-right) is quite different from the

ones in the top row. The random design (middle-left) and the fixed design (middle-

center) residual bootstrap schemes give reasonable approximations to the shape of the

histograms in the top row, albeit their x-range is slightly greater. Although known to
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converge, the m-out-of-n schemes (bottom row) give visibly asymmetric histograms

with large range, compared to the other convergent schemes. This fact will translate

in generally larger, more conservative confidence intervals (at least for large sample

sizes).

We now study the performance of each of the bootstrap schemes by measuring

the average length and coverage of confidence intervals built from several random

samples from P as above. We simulated 1000 different random samples of sizes 100,

200, 500, 1000, 2000 and 5000. For each of these samples 7 different confidence in-

tervals were built: one using the classical bootstrap, one using the random design

scheme, one via the fixed design procedure, another one with the smooth bootstrap

scheme and three for the m-out-of-n bootstrap with mn = dn1/2e, dn2/3e, dn4/5e. We

have made no attempt to choose an optimal mn. The interested reader can look

at Delgado et al. (2001) for some data-driven procedures to choose mn (although in

a subsampling context). We would like to add that, as before, we have used the

Nadaraya-Watson estimator with Scott’s normal reference rule and Gaussian kernels

to compute κ̃n in Section 2.2. In the particular case of the smooth bootstrap, we

estimated the underlying density using a kernel density estimator with Gaussian ker-

nel and Scott’s normal rule. As before, our bandwidth and kernel selection methods

could be improved by using data-driven procedures. In addition to considering a P

as the one used above, we have conducted the same experiments with one in which

U |X ∼ (1 + |X|2)−1Ξ, Ξ ∼ Student(3), X ∼ Uniform([−1, 1]2), β0 = 2−1/2(1, 1)T ,

where Student(3) stands for a standard Student-t distribution with 3 degrees of free-

dom. The results are reported in Table 1.

Table 1 indicates that the smooth bootstrap scheme outperforms all the others

as it achieves the best combination of high coverage and small average length. At

small sample sizes, in both cases, its coverage is similar to those of the random and

the fixed design bootstraps and higher than those of the subsampling schemes. Its

average length is, overall, considerably smaller than those of all the other consistent
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Table 1: The estimated coverage probabilities and average lengths of nominal 95% CIs for the first

coordinate of β0 obtained using the four different bootstrap schemes for each of the two models.

U |X ∼ N(0, (1 + |X|2)−2), X ∼ Uniform([−1, 1]2), β0 = 2−1/2(1, 1)T

Scheme
n = 100 n = 200 n = 500

Coverage Avg Length Coverage Avg Length Coverage Avg Length

Classical 0.68 0.91 0.75 0.58 0.75 0.49

Random Design 0.80 1.09 0.90 0.85 0.91 0.72

Fixed Design 0.80 1.06 0.89 0.83 0.90 0.69

Smooth 0.79 0.57 0.89 0.44 0.93 0.30

dn1/2e 0.73 0.93 0.83 0.72 0.87 0.58

dn2/3e 0.72 0.89 0.83 0.70 0.87 0.56

dn4/5e 0.70 0.87 0.84 0.70 0.85 0.51

U |X ∼ N(0, (1 + |X|2)−2), X ∼ Uniform([−1, 1]2), β0 = 2−1/2(1, 1)T

Scheme
n = 1000 n = 2000 n = 5000

Coverage Avg Length Coverage Avg Length Coverage Avg Length

Classical 0.73 0.26 0.71 0.19 0.71 0.13

Random Design 0.95 0.43 0.93 0.29 0.94 0.19

Fixed Design 0.94 0.41 0.93 0.29 0.94 0.19

Smooth 0.95 0.23 0.94 0.18 0.95 0.13

dn1/2e 0.91 0.41 0.89 0.33 0.97 0.23

dn2/3e 0.95 0.46 0.92 0.36 0.95 0.21

dn4/5e 0.89 0.34 0.86 0.24 0.89 0.16

U |X ∼ (1 + |X|2)−1Ξ, Ξ ∼ Student(3), X ∼ Uniform([−1, 1]2), β0 = 2−1/2(1, 1)T

Scheme
n = 100 n = 200 n = 500

Coverage Avg Length Coverage Avg Length Coverage Avg Length

Classical 0.66 0.82 0.70 0.73 0.74 0.41

Random Design 0.78 1.17 0.85 0.90 0.93 0.65

Fixed Design 0.78 1.14 0.85 0.88 0.92 .62

Smooth 0.78 0.57 0.89 0.43 0.93 0.29

dn1/2e 0.74 0.98 0.77 0.78 0.86 0.59

dn2/3e 0.73 0.96 0.77 0.74 0.87 0.58

dn4/5e 0.72 0.92 0.79 0.74 0.90 0.62

U |X ∼ (1 + |X|2)−1Ξ, Ξ ∼ Student(3), X ∼ Uniform([−1, 1]2), β0 = 2−1/2(1, 1)T

Scheme
n = 1000 n = 2000 n = 5000

Coverage Avg Length Coverage Avg Length Coverage Avg Length

Classical 0.72 0.34 0.74 0.21 0.70 0.14

Random Design 0.94 0.55 0.94 0.33 0.94 0.21

Fixed Design 0.93 0.52 0.93 0.31 0.94 0.21

Smooth 0.93 0.23 0.94 0.18 0.95 0.13

dn1/2e 0.87 0.50 0.92 0.36 0.93 0.27

dn2/3e 0.92 0.55 0.94 0.40 0.97 0.26

dn4/5e 0.88 0.49 0.88 0.29 0.87 0.17
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procedures. However, in spite of its superior performance, the smooth bootstrap has

the drawback of its computational complexity. As the sample size and dimension

increase, the smooth bootstrap is considerably more complicated to implement than

the rest.

The random and the fixed design bootstraps yield similar results. The difference

between them being that random design bootstrap is a little bit more conservative:

it achieves slightly better coverage at the expense of larger confidence intervals. This

difference seems to disappear as the sample size increases. To compare these pro-

cedures with the m-out-of-n schemes, we first contrast their performance for the

three smallest sample sizes and then for the three largest: for the small sample sizes

(n = 100, 200, 500), the random and fixed design procedures are more conservative

(better coverage with larger intervals) than the m-out-of-n schemes; as the sample

size increases, the situation is reversed: the intervals from the former two achieve

the asymptotic 95% coverage with generally less average length. Needless to say, the

classical bootstrap performs poorly compared to the others.

An obvious conclusion of the previous analysis is that the smooth bootstrap is

the best choice whenever it is computationally feasible. Compared to the m-out-of-n

schemes, the random and fixed design procedures have the advantage of seemingly

achieving the desired coverage faster and having smaller intervals for larger sample

sizes. In the absence of a good data-driven rule to select mn, the former two seem

like a better option than the latter. Moreover, the fixed design procedure could be a

better alternative than its random counterpart as it is computationally less expensive

to implement (it requires less simulations).

Remark: Although we did not choose mn using any specific rule, we did try

many possible choices besides those listed in Table 1. More precisely, we also tried

mn = dn1/3e, dn9/10e and dn14/15e but omitted a report of their results as they were

all outperformed by the reported cases (dn1/2e, dn2/3e and dn4/5e).
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A Auxiliary results for the proof of Theorem 3.1

Lemma A.1 Consider the functions Γ(β) = P(fβ,β0) and Γn(β) = P
((
κn(X)− 1

2

)
1βTX≥0

)
.

Denote by σβ the surface measure on the hyperplane {x ∈ Rd : βTx = 0}. For

each α, β ∈ Rd \ {0} define the matrix Aα,β := (Id − |β|−2ββT )(Id − |α|−2ααT ) +

|β|−1|α|−1βαT . Then, Γ is twice continuously differentiable on Sd−1, β0 is the only

maximizer of Γ on Sd−1 and we have

∇Γ(β) =
βTβ0

|β|2

(
Id −

1

|β|2
ββT

)∫
βT0 x=0

(
κ(Aβ0,βx)− 1

2

)
p(Aβ0,βx)x dσβ0 ;

=
βTβ0

|β|2

(
Id −

1

|β|2
ββT

)∫
Rd−1

(
κ(Aβ0,βHξ)−

1

2

)
p(Aβ0,βHξ)Hξ dξ ∀ β ∈ Sd−1;

∇2Γ(β0) = −
∫
βT0 x=0

(∇κ(x)Tβ0)p(x)xxT dσβ0

= −
∫
Rd−1

(∇κ(Hξ)Tβ0)p(Hξ)HξξTHT dξ;

where H ∈ Rd×d−1 is any matrix whose columns form an orthonormal basis of the

hyperplane {x ∈ Rd : βT0 x = 0}. Furthermore, there is an open neighborhood U ⊂ Rd

of β0 such that βT∇2Γ0(β0)β < 0 for all β ∈ U \ {tβ0 : t ∈ R}.

Proof: Lemma 2 in Manski (1985) implies that β0 is the only minimizer of Γ on

Sd−1. The differentiability properties of Γ as well as the computations of ∇Γ and

∇2Γ follow from the arguments in Section 5, page 205 and Example 6.4, page 213 in

Kim and Pollard (1990). Note that for any x with βT0 x = 0 we have ∇κ(x)Tβ0 ≥ 0

(because for x orthogonal to β0, κ(x + tβ0) ≤ 1/2 and κ(x + tβ0) ≥ 1/2 whenever

t < 0 and t > 0, respectively). Additionally, for any β ∈ Rd we have:

βT∇2Γ(β0)β = −
∫
βT0 x=0

(∇κ(x)Tβ0)(βTx)2p(x) dσβ0 .

Thus, the fact that the set {x ∈ X◦ : (∇κ(x)Tβ0)p(x) > 0} is open (as p and ∇κ are

continuous) and intersects the hyperplane {x ∈ Rd : βT0 x = 0} implies that ∇2Γ(β0)

is negative definite on a set of the form U \ {tβ0 : t ∈ R} with U ⊂ Rd being an open

neighborhood of β0. �
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Lemma A.2 Consider the functions Γn defined in Section 3.1. Then, under {A1-

A5}

(i) βn = argmax
β∈Sd−1

{Γn(β)};

(ii) There is R0 such that for all 0 < R ≤ R0 we have

sup
|β−βn|≤R

{|(Γn − Γ)(β)− (Γn − Γ)(βn)|} ≤ R
ν−1
ν o
(
m
− 1+ν

3ν
n

)
.

Proof: Note that we can write

Γn(β) = P
(
(Qn,1(U ≥ −βTnX|X)−Qn,1(U ≥ 0|X))1βTX≥0,βTnX≥0

)
+

P
(
(Qn,1(U ≥ −βTnX|X)−Qn,1(U ≥ 0|X))1βTX≥0,βTnX<0

)
.

It clearly follows that βn is a maximizer of Γn. On the other hand, (A3), our assump-

tions on P and Hölder’s inequality imply that there are constants C,R0 > 0 such that

whenever R ≤ R0 we have

sup
|β−βn|≤R

{|(Γn − Γ)(β)− (Γn − Γ)(βn)|} ≤ P(|κn(X)− κ(X)|ν)1/νP(Fn,R)
ν−1
ν ≤ (CR)

ν−1
ν o

(
m
− ν+1

3ν
n

)
.

This finishes the proof. �

Lemma A.3 Let R > 0 and consider the notation of Section 3.2. Then, under {A1-
A5} we have

(i) sup
|s|≤R

{
m

2/3
n

∣∣∣∣(Qn − P)

((
κn(X)−

1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)∣∣∣∣}→ 0;

(ii) sup
|s|≤R

{
m

2/3
n

∣∣∣∣Qn ((κn(X)−
1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)
− P

((
κ(X)−

1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)∣∣∣∣}→ 0.

(iii) sup
|s|≤R

{
m

2/3
n

∣∣∣∣Γ(βn,s)− Γ(βn)−
1

2
sTHT

n∇2Γ(β0)Hns

∣∣∣∣}→ 0.

Proof: Observe that |βn,s− βn|2 = |s|2m−2/3
n +

(√
1− (m

−1/3
n |s|)2 ∧ 1− 1

)2

for all

n and s. It follows that sup|s|≤R{|βn,s − βn|} = O(Rm
−1/3
n ). Hence, in view of (A4),

there is a constant K > 0 such that for all n large enough

sup|s|≤R

{
m

2/3
n

∣∣∣(Qn − P)((κn(X)− 1/2)(1βTn,sX≥0 − 1βTnX≥0))
∣∣∣} ≤ εn(KR)∨∆n → 0.

Since (ii) is a direct consequence of Lemma A.2, it only remains to prove (iii). From

Taylor’s theorem we know that for every s ∈ Rd there is θn,s ∈ [0, 1] such that
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Γ(βn,s) = Γ(βn)+∇Γ(βn)T (βn,s−βn)+ 1
2
(βn,s−βn)T∇2Γ(θn,sβn,s+(1−θn,s)βn)(βn,s−

βn). It follows that

sup
|s|≤R

{
m2/3
n

∣∣∣∣Γ(βn,s)− Γ(βn)− 1

2
(βn,s − βn)T∇2Γ(β0)(βn,s − βn)

∣∣∣∣}
≤ sup
|s|≤R
{|βn,s−βn|}|∇Γ(βn)|+ sup

|s|≤R
{|βn,s−βn|2} sup

|s|≤R

{∥∥∇2Γ(βn,s)−∇2Γ(β0)
∥∥

2

}
→ 0,

where the convergence to 0 follows from (A5) and the fact that Γ(·) is twice continu-

ously differentiable in a neighborhood of β0. But from the definition of βn,s it is easily

seen that

sup
|s|≤R

{
m2/3
n

∣∣∣∣12sTHT
n∇2Γ(β0)Hns−

1

2
(βn,s − βn)T∇2Γ(β0)(βn,s − βn)

∣∣∣∣}→ 0.

This finishes the argument. �

Lemma A.4 Let R > 0. Under {A1-A5} there is a sequence of random variables

∆R
n = OP(1) such that for every δ > 0 and every n ∈ N we have,

sup
|s−t|≤δ
|s|∨|t|≤R

{
P∗n
(
(fβn,s,βn − fβn,t,βn)2

)}
≤ δ∆R

nm
−1/3
n .

Proof: Define GnR,δ := {fβn,s,βn − fβn,t,βn : |s − t| ≤ δ, |s| ∨ |t| ≤ R} and GnR :=

{fβn,s,βn − fβn,t,βn : |s| ∨ |t| ≤ R}. It can be shown that GnR is manageable with

envelope Gn,R := 3F
n,2Rm

−1/3
n

(as |kn − 1/2| ≤ 1) . Note that Gn,R is independent of

δ. Then (A4) and the maximal inequality 7.10 from Pollard (1990) then there is a

constant J̃R such that for all large enough n we have

E

 sup
|s−t|≤δ
|s|∨|t|≤R

{
P∗n
(
(fβn,s,βn − fβn,t,βn)2)} ≤ 2E

 sup
|s−t|≤δ
|s|∨|t|≤R

{
P∗n
(
|fβn,s,βn − fβn,t,βn |

)} ;

≤ 2E

(
sup
f∈Gn

R

{(P∗n −Qn)|f |}

)
+ 2 sup

f∈Gn
R,δ

{Qn|f |} ;

≤
4ε1J̃R

√
(ε1 + C)Rm

−1/3
n

√
mn

+ 2εnRm
−1/3
n + 2 sup

f∈Gn
R,δ

{P|f |} .

On the other hand, our assumptions on P imply that the function P(1(·)T x≥0) is

continuously differentiable, and hence Lipschitz, on Sd−1. Thus, there is a constant
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L, independent of δ, such that

E

 sup
|s−t|≤δ
|s|∨|t|≤R

{
P∗n
(
(fβn,s,βn − fβn,t,βn)2

)} ≤ o(m−1/3
n ) + δLm−1/3

n .

The result now follows. �

Lemma A.5 Under {A1-A5}, for every R, ε, η > 0 there is δ > 0 such that

lim
n→∞

P

 sup
|s−t|≤δ
|s|∨|t|≤R

{
m2/3
n

∣∣(P∗n −Qn)(fβn,s,βn − fβn,t,βn)
∣∣} > η

 ≤ ε.

Proof: Let Ψn := m
1/3
n P∗n(4F 2

n,Rm
−1/3
n

) = m
1/3
n P∗n(F

n,Rm
−1/3
n

). Note that our assump-

tions on P then imply that there is a constant C̃ such that P(F 2
n,K) = P(Fn,K) ≤ C̃CK

for 0 < K ≤ K∗ (Fn,K is an indicator function). Considering this, assumption (A4)-(i)

and Lemma 3.3 imply that

E (Ψn) = m1/3
n E

(
(P∗n −Qn)(F

n,Rm
−1/3
n

)
)

+m1/3
n (Qn − P)(F

n,Rm
−1/3
n

) +m1/3
n P(F

n,Rm
−1/3
n

) = O(1).

Now, define Φn := m1/3
n sup

|s−t|≤δ
|s|∨|t|≤R

{
P∗n
(
(fβn,s,βn − fβn,t,βn)2

)}
. The class of all differ-

ences fβn,s,βn − fβn,t,βn with |s| ∨ |t| ≤ R and |s − t| < δ is manageable (in the sense

of definition 7.9 in page 38 of Pollard (1990)) for the envelope function 2F
n,Rm

−1/3
n

.

By the maximal inequality 7.10 in Pollard (1990), there is a continuous increasing

function J with J(0) = 0 and J(1) <∞ such that

E

 sup
|s−t|≤δ
|s|∨|t|≤R

{∣∣(P∗n −Qn)(fβn,s,βn − fβn,t,βn)
∣∣}
 ≤ 1

m
2/3
n

E
(√

ΨnJ (Φn/Ψn)
)
.

Let ρ > 0. Breaking the integral on the right on the events that Ψn ≤ ρ and Ψn > ρ
and the applying Cauchy-Schwartz inequality,

E

 sup
|s−t|≤δ
|s|∨|t|≤R

{
m

2/3
n

∣∣∣(P∗n − Qn)(fβn,s,βn − fβn,t,βn )
∣∣∣}
 ≤ √

ρJ(1) +
√

E
(
Ψn1Ψn>ρ

)√
E (J (1 ∧ (Φn/ρ))),

≤ √
ρJ(1) +

√
E
(
Ψn1Ψn>ρ

)√
E (J (1 ∧ (δ∆R

n /ρ))),
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where ∆R
n = OP(1) is as in Lemma A.4. It follows that for any given R, η, ε > 0 we

can choose ρ and δ small enough so that the results holds. �

Lemma A.6 Let s, t, s1, . . . , sN ∈ Rd−1 and write ΣN ∈ RN×N for the matrix given

by ΣN := (Σ(sk, sj))k,j. Then, under {A1-A5} we have

(a) m
1/3
n Qn(fβn,s,βn − fβn,βn)→ 0,

(b) m
1/3
n Qn

(
(fβn,s,βn − fβn,βn)(fβn,t,βn − fβn,βn)

)
→ Σ(s, t),

(c) (Wn(s1), . . . ,Wn(sN))T  N(0,ΣN),

where N(0,ΣN) denotes an RN -valued Gaussian random vector with mean 0 and co-

variance matrix ΣN and  stands for weak convergence.

Proof: (a) From Lemma A.2 (ii) it is easily seen that

m1/3
n Qn(fβn,s,βn − fβn,βn) = m1/3

n P
((

κ(X)− 1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)
+ o(1).

We will therefore focus on deriving a limit for

m1/3
n P

((
κ(X)− 1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)
.

Consider the transformations Tn : Rd → Rd given by Tn(x) := (HT
n x; βTn x), where

HT
n x ∈ Rd−1 and βTn x ∈ R. Note that Tn is an orthogonal transformation so det(Tn) =

±1 and for any ξ ∈ Rd−1 and η ∈ R we have T−1
n (ξ; η) = Hnξ+ηβn. Applying change

of variables and Fubini’s theorem , for all n large enough,

m1/3
n P

((
κ(X)− 1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)
=

∫
Rd

(
κ(x)− 1

2

)
(1βTn,sx≥0 − 1βTn x≥0)p(x) dx

= m1/3
n

∫∫
(κ(Hnξ + ηβn)− 1/2)(1√

1−m−2/3
n |s|2η+m

−1/3
n sT ξ≥0

− 1η≥0)p(Hnξ + ηβn) dηdξ

∫
Rd−1

m1/3
n

∫ (
κ(Hnξ + ηβn)− 1

2

)
p(Hnξ + ηβn)

1
−m−1/3

n sT ξ√
1−m−2/3

n |s|2
≤η<0

+ 1
0≤η< −m−1/3

n sT ξ√
1−m−2/3

n |s|2

 dηdξ

The dominated convergence theorem then implies,

m1/3
n P

((
κ(X)− 1

2

)
(1βTn,sX≥0 − 1βTnX≥0)

)
→ −

∫
Rd−1

(
κ(Hξ)− 1

2

)
p(Hξ)|sT ξ| dξ = 0,
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where the last identity stems from the fact that κ(x) := P(U − βT0 X ≥ 0|X = x) is

identically 1/2 on the hyperplane orthogonal to β0.

(b) First note that (1U+βTnX≥0 − 1/2)2 ≡ 1/4 and

(1βTn,sx≥0 − 1βTn x≥0)(1βTn,tx≥0 − 1βTn x≥0) = 1(βTn,sx)∧(βTn,tx)≥0>βTn x
+ 1βTn x≥0>(βTn,sx)∨(βTn,tx).

In view of these facts, condition (A4)-(iii) and the same change of variables as in the

proof of (a) imply

m
1/3
n Qn

(
(fβn,s,βn − fβn,βn )(fβn,t,βn − fβn,βn )

)
=
m

1/3
n

4
P(1(βTn,sx)∧(βTn,tx)≥0>βTn x

+ 1βTn x≥0>(βTn,sx)∨(βTn,tx)) + o(1)

=
m

1/3
n

4

∫∫ 1
−m−1/3

n
sT ξ√

1−m−2/3
n |s|2

∧ tT ξ√
1−m−2/3

n |t|2
≤η<0

+ 1
0≤η<−m−1/3

n
sT ξ√

1−m−2/3
n |s|2

∨ tT ξ√
1−m−2/3

n |t|2

 p(Hnξ+ηβn) dηdξ

+o(1).

A further application of the dominated convergence theorem now yields

m1/3
n Qn

(
(fβn,s,βn − fβn,βn)(fβn,t,βn − fβn,βn)

)
→ 1

4

∫
Rd−1

(
(sT ξ ∧ tT ξ)+ + (sT ξ ∨ tT ξ)−

)
p(Hξ) dξ

(c) Define ζn := (Wn(s1), . . . ,Wn(sN))T ; ζ̃n,k to be the (d−1)-dimensional random

vector whose j-entry is m−1/3(fβn,sj ,βn(Xn,k, Un,k) − fβn,βn(Xn,k, Un,k)); ζn,k := ζ̃n,k −

E
(
ζ̃n,k

)
; and

ρn,k,j := Qn
(

(fβn,sk ,βn − fβn,βn)(fβn,sj ,βn − fβn,βn)
)
−Qn

(
(fβn,sk ,βn − fβn,βn)

)
Qn
(

(fβn,sj ,βn − fβn,βn)
)
.

We therefore have ζn =
∑mn

k=1 ζn,k and E (ζn,k) = 0. Moreover, (a) and (b) im-

ply that
∑mn

k=1 Var (ζn,k) =
∑mn

k=1 E
(
ζn,kζ

T
n,k

)
→ ΣN . Now, take θ ∈ RN and de-

fine αn,k := θT ζn,k. In the sequel we will denote by ‖ · ‖∞ the L∞-norm on RN .

The previous arguments imply that E (αn,k) = 0 and that s2
n :=

∑mn
k=1 Var (αn,k) =∑mn

k=1 θ
TVar (ζn,k) θ → θTΣNθ. Finally, note that for all positive ε,

1

sn

mn∑
l=1

E
(
α2
n,k1|αn,k|>εsn

)
≤ N2‖θ‖2

∞m
−2/3
n

sn

mn∑
l=1

Qn,l(|αn,l| > εsn)

≤ N2‖θ‖2
∞m

−2/3
n

s3
nε

2

∑
1≤k,j≤N

θkθjm
1/3
n ρn,k,j → 0.

By the Lindeberg-Feller central limit theorem we can thus conclude that θT ζn =∑mn
j=1 αn,j  N(0, θTΣNθ). Since θ ∈ RN was arbitrarily chosen, we can apply the
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Cramer-Wold device to conclude (c). �

A.1 Proof of Lemma 3.3

Let us take the notation of (A4). Take R0 ≤ K∗, so for any K ≤ R0 the class

{fβ,βn − fβn,βn}|β−βn|<K is majorized by Fn,K . Our assumptions on P then imply

that there is a constant C̃ such that P(F 2
n,K) = P(Fn,K) ≤ C̃CK for 0 < K ≤ K∗

(Fn,K is an indicator function). Now, take R > 0 and n ∈ N such that ∆0m
−1/3
n <

Rm
−1/3
n ≤ R0. Since F

n,Rm
−1/3,∆0
n

is a VC-class (with VC index bounded by a constant

independent of n and R), the maximal inequality 7.10 in page 38 of Pollard (1990)

implies the existence of a constant J , not depending neither on mn nor on R, such

that E

(
‖P∗n −Qn‖2

F
n,Rm

−1/3
n

)
≤ JQn(F

n,Rm
−1/3
n

)/mn. From (A4) we can conclude

that E

(
‖P∗n −Qn‖2

F
n,Rm

−1/3
n

)
≤ J(O(m

−1/3
n ) + C̃CRm

−1/3
n )/mn for all R and n for

which m
−1/3
n R ≤ R0. This finishes the proof. �

B Auxiliary Results for the proof of the consistency of the

bootstrap schemes

We present a simple result that will allow us to show that condition (A5) in Section

3 is satisfies for the bootstrap samples in Schemes 2, 3 and 4.

Lemma B.1 Consider the function Γ defined in Section 3 and let (β̂n)∞n=1 be a se-

quence of maximum score estimators. Then |∇Γ(β̂n)| = OP

(
n−1/3

)
.

Proof: This follows from Lemma A.1 as ∇Γ(β0) = 0 and ∇Γ is continuously differ-

entiable over the compact set Sd−1 (which implies that it is Lipschitz on that region).

�
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B.1 Properties of the modified regression estimator

Consider the estimators κ̂n and κ̃n defined in Section 2.2.2. We will show in the

following lemma that κ̂n satisfies the same regularity conditions as κ̃n.

Lemma B.2 Consider the assumptions of section 2.2.2. Then we have,

(i) On a set with probability one, ‖κ̂n − κ‖X → 0 on all compact sets X ⊂ X◦.

(ii) P(|κ̂n − κ|r)1/r = OP(n−(r+1)/3r).

(iii) µn(|κ̂n − κ|r)1/r = OP(n−(r+1)/3r)

Proof: Let δ > 0 and X ⊂ X◦ be compact. Note that for all x ∈ X we have

|κ̂n(x)− κ(x)| ≤ |κ̃n(x)− κ(x)|+ |κ(x)− 1/2|1β̂Tn x(κ̃n(x)−1/2)≤δ +

|κ(x)− 1/2|1|β̂Tn x(κ̃n(x)−1/2)−βT0 x(κ(x)−1/2)|>δ + |κ(x)− 1/2|1βT0 x(κ(x)−1/2)≤δ,

from which it follows that

‖κ̂n − κ‖X ≤ +‖κ̃n − κ‖X + 1infx∈X{β̂Tn x(κ̃n(x)−1/2)}≤δ +

1supx∈X{|β̂Tn x(κ̃n(x)−1/2)−βT0 x(κ(x)−1/2)|}>δ + sup
βT0 x(κ(x)−1/2)≤δ

x∈X

{|κ(x)− 1/2|}.

Thus, (i) is a consequence of the almost sure uniform convergence of κ̃n on compact

subsets of X◦.
We now turn our attention to (ii). It suffices to show that In := P(|κ(x) −

1/2|r1β̂Tn x(κ̃n(x)−1/2)<0)1/r = OP(n−(r+1)/3r). Note that |βT0 x||(κ(x)−1/2)| = βT0 x(κ(x)−
1/2). Hence, for any ∆ > 0 we have,

In ≤ P(|κ(X)− 1/2|r1|βT0 X||(κ(X)−1/2)|≤|β̂TnX(κ̃n(X)−1/2)−βT0 X(κ(X)−1/2)|)
1/r

≤ P(|κ(X)− 1/2|r1|βT0 X||(κ(X)−1/2)|≤|β̂TnX(κ̃n(X)−1/2)−βT0 X(κ(X)−1/2)|, |βT0 X|≤∆n−(1+r)/3r )1/r+

P(|κ(X)− 1/2|r1
|βT0 X||(κ(X)−1/2)|≤|β̂TnX(κ̃n(X)−1/2)−βT0 X(κ(X)−1/2)|, |βT0 X|>∆n

− 1+r
3r

)1/r

≤ P(|κ(X)− 1/2|r1|βT0 X|≤∆n−(1+r)/3r )1/r

+P(|κ(X)−1/2|r1
|βT0 X||(κ(X)−1/2)|≤|β̂n−β0||X||κ(X)−1/2|+|β̂n−β0||X||κ̃n(X)−κ(X)|+|βT0 X||κ(X)−κ̃n(X)|, |βT0 X|>∆n

− 1+r
3r

)1/r

≤ ∆n−(1+r)/3rP(D(X)r1|βT0 X|≤∆n−(1+r)/3r )1/r+

P(|κ(X)− 1/2|r1|βT0 X|≤3|β̂n−β0||X|
)1/r+

P
(
|κ(X)− 1/2|1

|κ(X)−1/2|≤3∆−1n
1+r
3r |β̂n−β0||X||κ̃n(X)−κ(X)|

)1/r

+ 3P(|κ̃n(X)− κ(X)|r)1/r
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≤ ∆n−
1+r
3r P(D(X)r1|βT0 X|≤∆n−(1+r)/3r )1/r+

P(|κ(X)− 1/2|r1|βT0 X|≤3|β̂n−β0||X|
)1/r+

3∆−1|β̂n − β0|n
1+r
3r P (|X|r q̃)

1
rq̃ P(|κ̃n(X)− κ(X)|rq)

1
rq + 3P(|κ̃n(X)− κ(X)|r)

1
r ,

where q̃ = q/(q − 1). The last inequality implies that

In ≤ ∆n−
1+r
3r P(D(X)r1|βT0 X|≤∆n−(1+r)/3r)1/r+

3|β̂n − β0|P(|X|rD(X)r1|βT0 X|r≤|β̂n−β0|r|X|r)
1/r+

3∆−1|β̂n − β0|n
1+r
3r P (|X|rq̃)

1
rq̃ P(|κ̃n(X)− κ(X)|rq)

1
rq + 3P(|κ̃n(X)− κ(X)|r)

1
r .

Considering that, from (A0), P(|X|rD(X)r1|βT0 X|≤|β̂n−β0||X|) ≤ |β0−β̂n| and P(|κ̃n(X)−

κ(X)|rq)
1
rq = oP

(
n−

2+r
3r

)
we can conclude from that (ii) holds. A similar argument

gives (iii). �

B.2 Some properties of the multivariate empirical distribution

Here we discuss some properties of the empirical distribution function that will allow

us to apply the results of Section 3 to prove the consistency of some of our bootstrap

procedures. Consider a sequence (Xn, Un)∞n=1
i.i.d.∼ P on the probability space (Ω,A,P)

and let µn be the EDF of X1, . . . , Xn. Also, consider the classes of functions Fn,R as

defined in Section 3, with their envelopes Fn,R, replacing βn with β̂n. Then, we have

the following result.

Lemma B.3 Let (κ̂n)∞n=1 be a sequence satisfying (i) in the description of the fixed

design scheme (see Section 2.2.2) and consider a decreasing sequence (ε)∞n=1 with

εn ↓ 0 and εnn
1
3r → ∞. Then, there are constants C,R0 > 0 such that the following

hold:

(a) the sequence (µn)∞n=1 is tight with probability one;

(b) for every sequence (µnk)
∞
k=1 there is a subsubsequence (µnks )

∞
s=1 such that

sup
0≤R≤R0

{|(µnks − P)(F 2
nks ,R

)|} a.s.−→ 0;
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(c) for every sequence (µnk)
∞
k=1 there is a subsubsequence (µnks )

∞
s=1 such that, with

probability one, the following inequality holds for all 0 < R ≤ R0,

sup
|α−β̂nks |∨|β−β̂nks |≤R

|α−β|≤R

|(µnks − P)(κ̂nks (X)(1αTX≥0 − 1βTX≥0))| ≤ CRn
−1/3
ks

εnks ;

(d) for every sequence (µnk)
∞
k=1 there is a subsubsequence (µnks )

∞
s=1 such that, with

probability one, we have that the following inequality holds for all 0 < R ≤ R0,

sup
|α−β̂nks |∨|β−β̂nks |≤R

|α−β|≤R

|(µnks − P)(1αTX≥0 − 1βTX≥0)| ≤ CRn
−1/3
ks

εnks .

Proof: The collection of cells of the form (a, b] in Rd with a, b ∈ Rd
is VC (see ex-

ample 2.6.1, page 135 in Van der Vaart and Wellner (1996)). It follows that that class

is (strongly) Glivenko-Cantelli and thus, µn converges weakly to µ with probability

one and hence (a) is true. On the other hand, since there are βR, αR ∈ Rd such that

Fn,R = 1βTRx≥0>αTRx
+ 1αTRx≥0>βTRx

, (4)

= (1βTRx≥0 ∧ 10>αTRx
) ∨ (1αTRx≥0 ∧ 10>βTRx

),

a similar argument to that used to show that F1 and F2 are VC in the proof of

Lemma 3.2 applies here prove that {Fn,R : 0 ≤ R ≤ R0} is VC. Thus, (b) follows

from a suitable application of the maximal inequality 3.1 of Kim and Pollard (1990).

Now, fix R > 0 small enough. The classes Fn,R and {κψ}ψ∈Fn,R are both VC with

envelope Fn,R. Considering the fact that β̂n − β0 = OP(1) with probability tending

to one, we have that |α − β0| ∨ |β − β0| ≤ 2R for all α, β ∈ Sd−1 with |α − β| ≤ R

and |α − β̂n| ∨ |β − β̂n| ≤ R. Thus, a suitable application of inequality 3.1 in Kim

and Pollard (1990) shows that with probability tending to one,

sup
|α−β̂n|∨|β−β̂n|≤R

|α−β|≤R

|(µn−P)(1αTX≥0−1βTX≥0)| ≤ sup
|α−β0|∨|β−β0|≤R

|α−β|≤R

|(µn−P)(1αTX≥0−1βTX≥0)| = OP(n−1/2).

Hence, for every R small enough there is a subsequence for which (d) holds. To

obtain a subsequence for which (d) holds almost surely for all R smaller than some

R0 one needs to apply the previous argument to all rational R’s smaller than R0 and

then use Cantor’s diagonal method.
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It remains to prove (c). An argument like the one used for (d) proves that (c) is

true with κ replacing κ̂n. Finally, the equation

(µn − P)(κ̂n(X)(1αTX≥0 − 1βTX≥0)) = µn((κ̂n(X)− κ(X))(1αTX≥0 − 1βTX≥0)) +

(µn − P)(κ(X)(1αTX≥0 − 1βTX≥0))− P((κ̂n(X)− κ(X))(1αTX≥0 − 1βTX≥0)),

together with Hölder’s inequality and the fact that µn(|κ̂n−κ|r)1/r∨P(|κ̂n−κ|r)1/r =

oP

(
n−

r+1
3r

)
give the result. �
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