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Abstract

When estimating population prevalence from a non-random sample, it is important
to adjust for differences between sample and population. However, adjustment for mul-
tiple factors requires analysis that can be difficult to understand and validate. In this
manuscript, we explore an unexpected downward trend of estimates when covariates
are added sequentially to a Bayesian hierarchical model for the estimation of the preva-
lence of SARS-CoV-2 specific antibodies in an Australian city in late 2020.

We compare our data analysis to results from a simulation study to understand four
potential contributors to this effect: (i) correction for differences between sample and
population, (ii) rare-events bias in logistic regression, (iii) inclusion of the uncertainty
of test sensitivity and specificity in a multilevel model, and (iv) increasing model dimen-
sionality. We find that weak prior distributions on the logistic regression coefficients lead
to a systematic increase in the amount of partial pooling across adjustment cells—the
prior becomes stronger as model dimensionality increases—which in turn feeds through
to the estimated assay specificity, which then feeds back to the model and results in low-
ering the estimated prevalence.

Our paper contributes three elements: (i) immediate and longer-term recommen-
dations for using these types of models, (ii) simulation studies to explore the impact of
the contributors to this effect, and (iii) a worked example of investigation of unexpected
results in a model with multiple adjustment factors.

1 Introduction

Bayesian inference allows us to build models that account for multiple sources of uncertainty,
and in complex problems this can produce surprising or counterintuitive estimates. How can
we diagnose the difference between valid yet surprising inferences, and artifacts caused by
inappropriate models? In this work, we explore a problem that arose when aiming to estimate
the prevalence of SARS-CoV-2 (COVID-19) antibodies in metropolitan Melbourne, Australia
in Nov—Dec 2020 based on a serosurvey of blood donors.
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In 2020, Australia attempted an elimination strategy for COVID-19 through strict border
controls both domestically and internationally. Although most states achieved and main-
tained zero or very few COVID-19 cases in this period, the city of Melbourne experienced
several outbreaks and was attempting to control them through movement restrictions and
other containment measures. Case counts were derived from free and accessible tests used if
symptoms were present or if notified as a “close contact” of an infected individual. However,
there remained uncertainty regarding the underlying incidence of COVID-19 especially be-
cause infection could be asymptomatic. In an attempt to quantify this, a range of measures
were used, including waste treatment screening,® but here we focus on an attempt to mon-
itor the prevalence of SARS-CoV-2 infection based on residual blood specimens from blood
donors (seroprevalence).

The analysis by Machalek et al.'¥ aimed to estimate seroprevalence for two populations:
(i) Melbourne metropolitan blood donors and (ii) Melbourne metropolitan residential pop-
ulation from a sample of residual blood specimens. This work focuses on the results and
estimation issues specific to the residential population. In order to obtain the sample, a strat-
ified sampling design was used based on three postcode groups defined by low (less than 3
cases per 1000 population; sample size n = 1,600), medium (3-7 cases per 1000 population;
n =1,600), and high (more than 7 cases per 1000 population; n = 1,599) incidence of COVID-
19 based on case notification data. The resulting data contained 4,799 samples from blood
donors aged 20-69 years that were collected in Melbourne during Nov-Dec 2020.

Test sensitivity and specificity were estimated using independent Wantai SARS-CoV-2 to-
tal antibody assay calibration data by assessing 102 stored specimens that were confirmed
RT-PCR positive and collected more than 14 days post-symptom onset. Of these, 97 gave a
positive result, yielding an estimated test sensitivity of 97/102 = 95.1%. Test specificity was
assessed by using 800 (pre-pandemic) blood donor specimens from May 2019. Three posi-
tives were found, giving an estimated test specificity of 797/800 = 99.6%.28

In the analysis for this project, the statisticians on the team noticed that the overall esti-
mate of COVID-19 antibody prevalence decreased as they added more adjustment variables
to their multilevel model (further described in the following section). While this might be
because the estimate was moving closer to the truth as the model grew more complex and
accurate, it was surprising (as we detail later) and warranted closer inspection and valida-
tion.

Our manuscript proceeds as follows. In the remainder of the introduction, we detail the
model used, the motivating example, and our proposed workflow for investigation. We then
present a series of simulation studies and investigations that aim to provide evidence for dif-
ferent hypothetical causes.

1.1 Multilevel modeling to estimate disease prevalence

Gelman and Carpenter!! proposed a method to simultaneously address imperfect diagnos-
tic test performance and non-representative samples when estimating disease prevalence.
They use a multilevel regression and poststratification (MRP) method to address differences
between the sample and the population while also incorporating estimation uncertainty in
test sensitivity and specificity. We describe their approach here by first describing MRP and



then modifications to a typical MRP method to incorporate (a) test sensitivity and specificity,
and (b) allowing estimation of sensitivity and specificity. Using one modeling framework for
all parts of the problem is important as it allows all sources of uncertainty to be propagated
through to the final prevalence estimate.

We begin by defining notation where medical screening tests provide a proxy for the true
presence of disease. In this case we observe y* (the detection of SARS-CoV-2 antibodies from
the diagnostic assay) and not y (the true SARS-CoV-2 antibody status of the patient). We
denote the observed test outcome as y;, and the expected probability that the i th individual
tests positive as Pr(y; = 1) (in contrast to 7; = Pr(y; = 1), the true status). If the sensitivity
6 =Pr(y; = 1ly; = 1) and the specificity y = Pr(y; = 0|y; = 0) are both high, then we would
expect that Pr(y; =1) is close to ;.

In a general case (where we would observe y directly) MRP follows a two-step process.
First, the relationship between the outcome (in this case, whether SARS-CoV-2 specific an-
tibodies are present in a sample of blood) and participant demographics (for example, vari-
ables such as sex, geographic location and age group) are modeled using a multilevel model.
Although the aim is population estimation, a sample may be used for this model under the
assumption of exchangeability within each demographic combination. Second, this model
is used to make predictions for each demographic combination at a population level. These
predictions are then aggregated to infer a population-level or sub-population-level estimate.
This method has been widely applied across disciplines, including political science, %!7 health
sciences, 73! and survey research.?®

The model used in MRP for a binary outcome is most commonly a multilevel logistic
regression. We split the set of demographic predictors into K covariates with more than two
levels (e.g., age group), modeled using a varying effect, and Q covariates with exactly two
levels (e.g., sex) modeled with a non-varying (fixed/overall) effect. We denote y; as the true
SARS-CoV-2 antibody status of individual i and let 77; = Pr(y; = 1) be the probability that i*"
individual has the SARS-CoV-2 antibodies present in their blood. We model the relationship
between the two as

Pr(y; =1) =logit " (Bo+ Y Bgxq+ Y. dgl[ci)])
q=1 k=1

&Ek) ~normal(0, ).

where f represents an intercept term, 4 represents a non-varying effect for the q'" variable.
EI[Ci)]
varying effect. We denote the total number of levels in the k" varying effect as L¥. (When
the k*" variable is binary, the variance, o cannot be estimated. Instead a single parameter is
included as offset an offset from the intercept term.)

The population can be described by creating a data frame where each one row repre-
sents one combination of demographics (e.g., women aged 18-25 with high school educa-
tion). The total number of rows possible is J = 2Q ]'[Ik(:1 L™ Through a population census
or other high-quality survey, we can assume Nj;, the number of people in the population in
each demographic combination, is known. Using the assumed exchangeability within the

The term '), represents the value of a for the given the individual i is in level I of the k"



j*" demographic category, we know that we estimate the same Pr(y; = 1) for all i € j. For
shorthand, we denote this as Pr(y j = 1). From this, a population estimate can be created:

zleNjﬁr(yj =1)

PAr(y =1)=
J
ijl Nj

1)

To estimate an unobserved 7; from the observed y*, Gelman and Carpenter!! exploit the
flexibility of a Bayesian approach to model the true population disease prevalence given de-
mographic variables and then constructing the observed values from this parameter and the
test sensitivity and specificity. The form of the model builds on equation (1) with the addi-
tional estimation of

Pr(y; =1)=(1-y)(1-7m;) +67;. 2

Inclusion of sensitivity and specificity when estimating prevalence is well established, espe-
cially in the veterinary science literature 45 but Gelman and Carpenter11 are, to our knowl-
edge, the first to propose propagating the uncertainty of estimating sensitivity and specificity
into a multilevel model to adjust for non-random sampling. This method had not been used
extensively before deployment by Machalek et al. %, our motivating example.

Gelman and Carpenter discuss two ways to incorporate prior information regarding test
sensitivity and specificity. The first is a meta-analysis approach: suppose V different studies
are available that report sensitivity and specificity for a particular test in a particular sample
with size M,. Then we can model the sensitivity and specificity as

logit(6,) ~normal(us,os),
logit(y,) ~ normal(uy, oy),

respectively. 5 and u, represents average over studies of sensitivity and specificity, and o5
and o, represent the variance across studies.

However, in our motivating example, only one dataset is available from which to esti-
mate sensitivity and specificity. In order to specify a prior for the sensitivity and specificity,
Machalek et al.!® use the approach from Vette et al.?? Partition an independent calibration
study of size m (where true COVID-19 antibody prevalence is known) into cases with the
COVID-19 antibody ms and cases without the COVID-19 antibody m,. For the cases with the
COVID-19 antibody, let the true positives (TP) be the cases that are correctly identified by the
screening test, and false negatives (FN) be the rest. For the cases without the disease, let true
negatives (TN) be the cases that the screening test correctly identifies as disease-free, and
false positive (FP) be the rest. Then we set the prior distribution for sensitivity and specificity,
respectively, as:

6 ~ beta(TP,FN),
Y ~ beta(TN, FP).

We use this prior throughout this manuscript.



Model Covariate added Number of levels

0 None (intercept-only) 0

1 Sampling strata 3

2 Postcode 102

3 Socio-economic Index For Areas (SEIFA) 5

4 Sex 2

5 Age group 5

6 SEIFA x sex, SEIFA x age group, sex x age group 10, 25, 10
7 Strata x SEIFA, strata x sex, strata x age group 15,6, 15

Table 1: Sequential addition of covariates in the models, and the corresponding number of
levels for each covariate. Model 0 includes only the intercept, while subsequent models add
various covariates. Model 0 has no covariates, Model 1 includes sampling strata as a covariate,
Model 2 includes both sampling strata and postcode as covariates, and so on. All effects were
estimated using varying x-intercept terms to model the group-level effects, except for sex (a
binary variable), which was modeled as a non-varying term and SEIFA, which was modeled as
both a varying and non-varying term. We focus only on models 0 to 5 in this work.

1.2 Motivating example: Applying multilevel modeling to estimate COVID-19 an-
tibody prevalence

The original analyses by Machalek et al.!? specified a model with all demographic main ef-
fects included as covariates but no interactions (equivalent to model 5 in this manuscript).
However, in exploring the model robustness, it was observed that when covariates were added
successively, there was a downward trend of prevalence estimates away from the crude sam-
ple proportion toward zero, as in the navy (dark shade) of Figure 1. The covariates used and
the associated number of covariate levels are as in Table 1. We found it sufficient to explore
models 0 through 5 in this manuscript (excluding models with many interactions).

There are at least three elements to the modeling approach used in Machalek et al. The
first is the estimation of unknown sensitivity and specificity from a separate dataset, and the
propagation of uncertainty from that through to the final estimate. Second, the use of MRP
implies that we believe that there is a possibility of (a) heterogeneity in the prevalence of
COVID-19 antibodies between demographic subgroups and (b) a difference in demographic
proportions in the sample when compared to the population. This means we would expect
our MRP population estimate to differ from the sample average. Third, a logistic regression
is used to estimate the outcome; yet the outcome is rare in the sample. Of the 4799 observa-
tions, only 77 actually tested positive for COVID-19 antibodies, which means that we need to
consider the potential for rare-events bias. Lastly, this model combines estimation of mul-
tiple components (measurement error, population adjustment, and regression estimation)
into one framework, which could interact in unexpected ways.

We propose a hierarchical workflow for the investigation of each of the elements inde-
pendently and in conjunction to better understand the nature of this artifact.



1.3 Diagnostic workflow

In our workflow, we iterate between the exploration of model robustness with the real-world
data example and the use of simulation studies to test specific hypotheses that might result
in an artifact. To begin with, we first needed to identify whether the changing estimates are
something of concern. The purpose of MRP is to adjust from a sample to create a population
estimate. It is used when the sample is likely to produce a biased estimate of the population.
This means that including the choice of adjustment variables impacts the accuracy of our
model estimates.® Thus, for an estimate to change as more parameters are added to the
model might be expected behavior.

Correctly applying posterior predictive checking

Posterior predictive checking is used as one step in the Bayesian workflow to validate the
appropriateness of a model for data.!3 It is important to target the predictive check to the
target estimand. MRP analyses are intended for aggregated estimates, in this case, an overall
estimate of prevalence. Say we have B posterior draws for each parameter in the model. Our
estimate for the b*" posterior predictive value of the disease prevalence in cell j is denoted
fr? . Using this, we can calculate a posterior predictive sample mean as

J =b

~b ZJ'=1n]ﬂj

Tg=——7 3)
i

where 7 represents the number of individuals in a particular demographic cell in the sample,
rather than the population N;. Adjustment variables are included in the model when they
relate to both the probability of inclusion in the sample and the probability of the outcome.
This means that posterior predictive sample means from MRP should not differ on average
from the observed sample mean.

In Figure 1, the light green line indicates the posterior predictive sample means (when we
predict the sample as if it were the population) from an MRP method. We would expect that if
the model is appropriate for the data, we would recover the sample average with little impact
from the variables included in the model. However, we see the same downward trend as when
we calculate a population estimate. This suggests that the poststratification or population
extrapolation does not explain the decrease as we add covariates in the model. Instead, it
seems likely that adding covariates is increasing some sort of model misspecification.

What might cause such an artifact? We annotate Figure 1 to identify multiple challenges.
The purple note on the graph indicates that, even with an intercept-only model, the poste-
rior predictive estimate is an underestimate compared to the observed sample mean, which
suggests that even the simplest version of this model is challenged. The orange note flags
the decrease of the estimate when adding a variable that is modeled with both varying (ran-
dom) and non-varying (fixed) effects is added to the model, and the red note points to further
decreases as more variables are included in the adjustment.
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Figure 1: MRP seroprevalence estimate (y-axis) for Melbourne metropolitan residential popu-
lation using models (x-axis) with sequentially added covariates as in Table 1. Color represents
the original results creating a prevalence estimate for the population (black) and a prevalence
estimate for the sample (light green). The similarity between these two lines suggests that a
modeling issue rather than a sample adjustment issue. Uncertainty bars represent 90% cred-
ible intervals. The light gray dotted line indicates the sample mean, while the colored dotted
lines and annotations are used to describe the three different challenges. We focus only on mod-
els 0 to 5 in this work.



Rare-events bias

One potential reason for this might be rare-events bias, 183 which occurs in a logistic re-

gression with small samples in a low-prevalence setting, and results in predicted probability
estimates that are, on average, lower than the true value. rare-events bias has been demon-
strated for regression coefficients in maximum likelihood estimates for logistic regression.
The problem is also called sparse-data bias'# and is closely related to the non-collapsibility
of odds ratios in logistic regression.

Nevertheless, our problem is not as simple as small samples and low prevalence. The risk
of bias is an interaction between the amount of data and the prevalence of the outcome: lo-
gistic regression for small samples with low prevalence can be subject to rare-events bias. In-
creasing the number of parameters in the model results in fewer data per parameter and can
also create this effect, and a rule of thumb has been suggested for 10-20 events per variable
(EPV) 12! and up to 50 EPV when variable selection is applied, ?® though further research sug-
gest other factors such as total sample size and proportion of successes also matters. 202227

In an MRP analysis we don't explicitly use the coefficient estimates. Instead, we use these
to predict the probability for each category and then use these predictions to make a popula-
tion estimand. If coefficient estimates, particularly the intercept terms, are overall lower than
the true value then this could result in lower predictions than expected.'® The difference be-
tween sample mean and model estimate increases as the model grows more complex?®. This
aligns with rare-events bias (parameters estimates grow smaller relative to truth as the model
grows more complex).

Impact of measurement constraints

However, there are other potential causes of this phenomenon. We know that r; is contained
in the interval (0, 1). Using this, and rearranging equation (2)—see Appendix A.2 for analytic
proof—we find

1-p<Pr(y; =1<6, if6>01-7y)
§<Pry; =)< -y), if6<-y) @)
0o if6=>10-7y).

The observable test prevalence is constrained to lie between 1 —specificity (the expected rate
of positive tests if the population was all negative) and sensitivity (the expected rate of pos-
itive tests if the population was all positive) if the specificity is less than 1 — sensitivity and
vice-versa if it is greater.

We demonstrate this visually in Figure 2. We simulate the true prevalence of 9 different
levels (0.001,0.01,0.1,0.4,0.5,0.6,0.9,0.99, 0.999) to show how the true prevalence impacts the
relationship between sensitivity, specificity and the observed test prevalence. In the cases
where prevalence is very high (bottom row), we see that sensitivity predominately controls
the difference between observed and true prevalence (as the difference doesn’t change for
different levels of specificity). When the true prevalence is very low (top row, most relevant to
our example), specificity predominately controls the difference between observed and true



0.001 0.01 0.1
1.00 -
0.75-
0.50 -
0.25-
0.00 -
. 0.4 0.5 0.6
© 1.00- r _—
> 0.75-
= 050~
® 0.25-
é 0.00- i J
0.9 0.99 0.999
1.00 -
0.75 -

0.50-
0.25-
0.00-

0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00 0.00 0.25 0.50 0.75 1.00
Specificity (y)

Test - Disease prevalence: Pr(y*=1)- n - -

-05 0.0 05

Figure 2: Effect of sensitivity and specificity on the accuracy of estimating the true popula-
tion rate w from the observed test prevalence p. Orange tones indicate that the observed test
prevalence is higher than the disease prevalence, while blue tones indicate observed test preva-
lence is lower than the disease prevalence. Panels indicate different levels of disease prevalence,
demonstrating that when disease prevalence is low, specificity constrains the recovered value.
This shows the lower bound of the inequality. When prevalence is high, the sensitivity bounds
the error. In the middle facets, we see a tradeoff between the two, showing the conditional use
of inequality.



prevalence (as the difference doesn’t change for different levels of sensitivity). For values in
between there is a tradeoff, which provides support for equation (4).

These results are important for two reasons. Firstly, because it demonstrates that we
could observe similar values of test prevalence for different true disease prevalences—the dif-
ference depends entirely on the sensitivity and specificity of the test. Secondly, the relative
importance of sensitivity compared to specificity depends on the underlying true prevalence.
In our motivating example, we are focused on a rare event, and so we will focus primarily on
the impact of estimating specificity (rather than sensitivity). If, however, we are interested
in a very common event (or the probability of not having COVID-19 antibodies present in
the blood), then we would instead focus on sensitivity. We use these results extensively in
designing our simulation studies in Experiment II.

Modeling decisions for covariates

Bafumi and Gelman? demonstrate that when fitting a model with an unmodeled coefficient
(fixed effects) and a grouping variable modeled as a varying effect, the correlation between
the unmodeled coefficient and varying effect can make estimates overly precise. To resolve
this, they show that the group-wise mean of the fixed effect should be included in the model
at the group level. However, they only investigate one varying effect and one fixed effect in
their simulations. In our work, the models have up to 4 varying effects (strata, postcode,
SEIFA, and age group) and up to 2 unmodeled coefficients (sex, coded as a binary variable,
and SEIFA, coded as a linear predictor). Our modeling decisions also differ from the Bafumi
and Gelman paper in that SEIFA is included as both a fixed and varying effect—presumably
to capture the anticipated linear effect that increasing SEIFA decreases the prevalence of
COVID-19 observed in other studies whilst also allowing for a non-linear effect modeled
through the varying effect. It is not clear that these modeling decisions are related to our
findings, but for completeness, we do include simulations investigating the impact of un-
modeled coefficients.

So far, we have shown evidence that the unexpected results is a model artifact and not a
true representation of the data. Due to the complexity of the model, itis not clear what exactly
could be causing the model artifact. We identify at least three different potential causes that
can interact. In the remainder of this manuscript, we explore each factor independently or
in combination with other factors (as necessary) using simulation studies. Following each
simulation study, we modify the model fits to real data to see if the simulation study results
align with our real data. In doing so, we contribute new knowledge in three different domains
before identifying what we believe to be the true cause of the modeling challenge.

* In Experiment I, we demonstrate the implications of prior knowledge when investigat-
ing rare events. We showcase the difference in rare-events bias in a Bayesian approach
when compared to maximum likelihood.

* In Experiment II, we incorporate sensitivity and specificity first as known parameters,
then estimate specificity. We demonstrate that when conducting prior predictive checks,
measurement error needs to be incorporated. We also highlight the importance of suf-
ficient data in each module of the model.
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* In Experiment III, we finish by including varying effects and unmodeled coefficients.
We show that even when the varying effects are uncorrelated with the linear predictors,
this induces further bias in the estimates.

We finish our investigation by demonstrating that, rather than a single cause, the model
artifact is caused by the feedback between the measurement and prevalence components
of the model. The feedback worsens as more parameters are added to the model, changing
the prior predictive expected prevalence. This is then fed through to the specificity estimates,
which change as the prevalence model grows more complex. These specificity estimates then
change the overall estimate of prevalence during the high reliance on specificity estimates
when estimating rare events. At a wider level, this paper contributes

* Demonstration of progressive simulation studies to investigate a complex modeling
challenge.

» Evidence of feedback between measurement model component and prevalence model
components, and demonstration that this can be observed in counterintuitive esti-
mates.

* Interim recommendations for individuals fitting this particular modeling framework.

2 Method

To explore each potential cause of the observed statistical artifact, we use a combination of
simulation studies and modified models applied to the motivating example. In this section,
we specify the broad simulation design, with modifications on this design described as rele-
vant in each exploration.

2.1 Datageneration

We adopt a finite population approach, which means that we assume a single, stable popula-
tion across all simulation iterations for the same experimental condition. The population is
created to have N = 500,000 individuals. Each individual is described by five covariates that
represent demographic variables, denoted Xj, ..., Xs.

Each predictor Xj is first simulated as a continuous variable and then discretized into
L(k) groups of equal number of individuals in each group, with a focus on L(k) = 20 (56 x
20 =100 levels) to examine the impact of covariate levels on the estimates. In the motivating
example, there are 117 levels of varying effects that need to be estimated (albeit unevenly
across the different parameters 3 + 102 + 5 + 2 + 5; we deliberately avoid referring to this as
the number of parameters to be estimated, as there is information that is shared across these
levels). This leads to a large number of rows for poststratification. Normally, this would be an
issue, but as we have shown, the model appears to be the most likely cause of the observed
problem.
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We also include the results for a number of covariate levels L(k) = 4,10, and 40 for Exper-
iments 1.2-2.2 in the appendix to examine the impact of different covariate levels. They gen-
erally show slightly more exaggerated bias when the covariate levels increase and the sample
size decreases. In Experiment III, we focus only on results for 20 covariate levels for five co-
variates, as it is the closest to the number of coefficients in our original application (although
many more poststratification cells).

The relationship between the probability of the outcome and the covariates was created
using the continuous X’s instead of the discrete versions to make it easier to control the num-
ber of levels in the covariate.

We define the relationship between the probability of positive antibody response x; =
Pr(y; = 1) and the demographic variables as

m; =logit ' (o +{1 X1+ + (1 X5), (5)

where all covariates have the same strength of relationship to the outcome ({; is the same
value for all covariates). We manipulate the strength of the relationship between the demo-
graphic covariates and the outcome. We create two different outcomes in the population.
One, yp, has no relationship to the covariates ({; = 0); the other, y;, has a strong relation-
ship (¢; = 0.3). We generate Xy’s from a uniform distribution with lower and upper limits of
—0.5 and 0.5, respectively, which gives E(Xx) = 0, so the expected population prevalence is the
same for both conditions.

We aim to hold the overall population prevalence steady, given the different relationships
between demographic covariates and outcomes. To achieve the prevalence rate of 7, consis-
tent with the original problem, we compute the intercept (g as,

(1(a+b)K

(o =logit(m) - 5

where a = —0.5 and b = 0.5 are the lower and upper limits of the uniform distribution, and K
is the number of covariates. This reduces to

Bo = logit(r) (6)

for both the {; = 0 and {; = 0.3 conditions.

Given the initial { value, we then use equation (5) to generate the probability of antibody
prevalence r; for each individual. We then create the observed probability of positivity test
prevalence Pr( y;‘ = 1) through equation (2).

From our prior predictive checks, we see the artifact is present in both sample and popu-
lation predictions. To simplify the simulation, we use random sampling with the same prob-
ability for each unit. We vary the sample size n from 400 to 4000. We repeat each simulation
condition 100 times, drawing a new sample for each simulation iteration.

In Experiment 1.1, we examine populations with varying base rates, specifically E(r) =
0.001, 0.01, 0.1, and 0.2, under the condition that {; = 0. For all other simulations, we consider
only E(rr) = 0.01, which is close to the sample base rate in our motivating example 19

From Experiment 1.2 onward, we have two outcomes for different strengths of the rela-
tionship between covariates and outcome. For each experimental setting, we first draw 100
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random samples of two sample sizes of 400 and 4000 from the finite population. Later, in
Experiment 2.2 onward, we focus only on sample size equal to 4000 and the strength of the
relationship between covariates and outcome at {; = 0.3.

2.2 Estimation method

Our core manipulation is the impact of adding additional predictors to the model, repre-
sented by the sequence of models as described in Table 2 (using synthetic data) and Table 5
(using the real data).

For each sample, we fit the relevant model. In Experiment I, posterior draws were taken
using brms 2.22.07 with default settings and a backend of cmdstanr !° that uses Stan 2.32.2.
8 In Experiments II and III, which incorporate sensitivity and specificity, brms could not be
used as these models were not included in the set of models coded in that wrapper, so we
directly programmed in Stan, adapting the code from our motivating example to ensure con-
sistent prior specification and parameterization. Where used, classical model fits were ob-
tained using glm in the base R stats package.?* Results and visualizations were created using
ggplot2 3.5.1.%°

For each model, our estimation procedure is the same. The probability of antibody preva-
lence for each poststratification cell is estimated by

K
N . —1(5 ~ (k)
fij=logit™ (Bo+ Y al[j]).
k=1
From this, we estimate the overall antibody prevalence in the population as

I 7
i N7

(7)
Z5:1 Nj

T =

For Experiment I, where sensitivity and specificity are not incorporated into the model, this
is the same as estimating Pr(y ji=1).

2.3 Evaluation metrics

The principal metric used in the experiments is bias in our estimate of the overall COVID-19
antibody prevalence :
Bias; =7 —m.
Biasﬁo = ,30 - ﬁo,

as the rare-events bias literature describes bias in regression coefficients and the intercept
term are most likely to affect the overall estimated prevalence.

In the motivating example, it is not possible to calculate the bias of our estimate as the
truth is not known. In the initial prior predictive checks, we compare the difference between

estimated disease prevalence and observed test prevalence. As we shall see, this is a relevant
factor in interpreting our posterior predictive checks, so we also include metrics comparing
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Investigating three potential issues by simulations

Experiment I: rare- Experiment II: Inclusion of Experiment III: Adding overall
events bias in logistic the uncertainty of test sensi- effects terms
models (with covari- tivity and specificity
ates)
Exp 1.1 Expl.2  Exp2.1l Exp 2.2 Exp 3
intercept-  Adding Known Estimating
Model only covariates!  specificity? specificity3 Adding overall effects terms
models
One overall ef- Two overall
fects term effects terms
0 - y~1 No change No change
%- The outcome is
g 1 - y~(1]X;)  modified to No change No change
§ include Specificity is
g 2 - ...+(1|X;) ~measurement estimated No change No change
- error. using a beta
é 3 . ...+ (1|X3) Sensitivityand prior with Overall  slope
® specificityare ~ varyingsample Overall slope parameter for X
@
% treated as sizes. parameter for added
b= known (not X3 added
g estimated) Overall slope
S 4 - -t (11Xg) ’ parameter for X}
replaces varying
5 - e+ (1 X5)

intercept for X,

Built on previous experiments

! R syntax for fitting the models using brm.
2 The models are fitted using adapted Stan code compiled using cmdstan_model.
3 Sensitivity is treated as known in this experiment.

Table 2: In each experiment, covariates are added sequentially from Models 0 through 5. Across
the experiments, each variation is added and built on the previous simulations.
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the estimate of COVID-19 antibody prevalence (%) against positive test prevalence (Pr( yl’." =
1)):
Ag=7—-Pr(y; =1).

3 Experiments

Experiment I: rare-events bias

Starting with the simplest explanation, we first consider whether the observed increasing bias
is caused or related to rare-events bias. This can be explored independently of the estimation
of sensitivity and specificity, and for the models in this section, we consider only models of
antibody prevalence as if it were measured with no error.

To explore this factor, we present three elements of evidence. First, we explore whether
rare-events bias is observable in a Bayesian modeling framework (a) at all and (b) for the
sample size and prevalence rate in our motivating example. Then, we explore the impact of
adding additional varying effects into the model, noting previous research that identifies that
it is not just the prevalence and sample size that are factors in rare-events bias, but also the
number of parameters estimated. Finally, we demonstrate that these simpler models do not
replicate the same artifact that was observed in our motivating example.

Experiment 1.1: Intercept-only model

We first investigate bias in Bayesian logistic models while varying the population prevalence
and sample size. We use four conditions to represent the true probability of COVID-19 anti-
body prevalence within the population. The prevalence is 0.001, 0.01, 0.1, or 0.2. We also vary
the sample size n = 20, 40, 400, 4000, and 40,000. Rare-events bias has been primarily doc-
umented using maximum likelihood estimation'®3°, For this first simulation, we compare
maximum likelihood estimation to a Bayesian approach so that if we do not observe rare-
events bias in the Bayesian approach, we can confirm that the conditions were sufficient to
observe with rare-events bias with maximum likelihood.

In this first simulation, we are interested only in the presence of rare-events bias. This
means that rather than fitting all six models, we fit only an intercept-only model,

Pr(y; = 1) =logit *(By).

For the Bayesian approach we need to select a prior for the intercept term. To avoid setting
the prior based on prior knowledge or simulation study conditions, we instead use the default
prior in brms.

‘6() ~ 13(0,2.5).

Figure 3 shows interesting differences between the two estimation frameworks. When sam-
ple size and prevalence are very small, there is an overall tendency for the generalized linear
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Figure 3: Distribution of bias (y-axis) between posterior median estimate for prevalence (i)
and truth over 100 iterations using varying sample sizes (x-axis) from the intercept-only mod-
els, for true probability of outcome 0.001, 0.01, 0.1, 0.2, in each panel. Box plots are used to
demonstrate variance across simulation iterations, with orange used to represent Bayesian
models and green used to implement the models implemented using the glm function in R.
Negative values indicate where the estimate is smaller than the truth (rare-events bias), while
positive estimates indicate where the estimate is larger than the truth. Variance and outliers for
smaller sample sizes and low prevalence are driven by the estimates clumping based on sample
properties, which is shown more clearly in Appendix A.4.

model to underestimate the true prevalence. Outliers represent iterations that had a posi-
tive observed in the sample (all iterations plotted in Appendix A.4 to clearly visualize). This
demonstrates the previously documented rare-events bias.

However, when we use a Bayesian estimation method with a relatively uninformative
prior, we see that bias is, overall, more positive than the generalized linear model in small
sample sizes and rare prevalence. The bias is in the opposite direction, indicating an over-
estimation of prevalence. As the overall prior for the model puts substantial mass greater
than the prevalence in these cases, we can expect that this is due to contributions of the prior
when the sample size is small. As expected from the previous literature, neither bias is present
when sample sizes and prevalence increase closer to those used in our motivating example
(n=4000, p=0.01).

The amount of bias shown in rare event estimation in the Bayesian model will depend on
the prior chosen, as well as the sample size and true prevalence. In our motivating example,
a similarly uninformative prior was chosen. Given that this Bayesian model demonstrates
the opposite of rare-events bias, we do not expect that this is the cause of the observed find-
ing. However, to complete our investigation of this, we next explore the impact of a greater
number of covariates in the model. As there is a deviation in bias between the maximum
likelihood and Bayesian implementations, we use only the Bayesian implementation going
forward.
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Figure 4: Bias for estimates (y-axis) using models 0-5 with sequentially added covariates (x-
axis) for 100 iterations when {1 = 0.3, sample size = 400 (left panel) and 4000 (right panel).
Box plots are used to demonstrate variance across simulation iterations, with orange used to
represent the predicted sample estimates, and purple used to represent the estimated intercept
terms. The predicted estimates are largely unbiased across models, while the estimated in-
tercept shows increasing negative bias as the model has more covariates. The pattern is less
exaggerated when the sample size is 4000.

Experiment 1.2: Adding covariates

We next investigate the impact of additional covariates on the model in terms of rare-events
bias. To explore this, we sequentially add covariates to the model as described in Table 2.

The left panel of Figure 4 shows that when the sample size equals to 400, adding covari-
ates sequentially does not change the estimated prevalence of COVID-19 antibodies (orange
box plots) across models. However, bias appears in the intercept (purple) as the number of
covariates increases, a pattern that becomes less pronounced when the sample size is 4000
in the right panel. See Appendix A.5 for results on other numbers of covariate levels. This
trend persists whether there is a strong relationship between the covariates and the outcome
(€1 =0.3) or when there is no relationship ({; = 0), as shown in the appendix. Investigation of
the other parameter estimates (; through B5) suggests that they are biased in the opposite
direction to the intercept, which leads to the overall lack of change in the population preva-
lence estimate.

From this, we can conclude that, while we do observe bias in the estimated intercept
parameter, the overall poststratification estimate does not change as the model grows more
complex.
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Figure 5: Estimate for sample mean and intercept parameter (By) from models 0-5 fit with the
real data. The black line shows the predicted estimate without measurement error and overall
effects terms, and the yellow line shows results from the full model with measurement error
and overall effects terms. The right panel plots the intercept for these two models, while the left
panel shows the prevalence estimate for the sample. The models that do not include measure-
ment error do not exhibit underestimation or a downward slope as additional covariates are
added. This suggests that the issue may stem from the inclusion of either measurement error or
unmodeled coefficients in the model.

Real data

To confirm that rare-events bias would not explain the artifact documented in our motivating
example, we apply the same model (without measurement error) to the application data. Fig-
ure 5 plots the original model estimates and compares them to those obtained from a model
without the estimation of sensitivity and specificity included in the model. As expected from
the simulation study, there is little evidence of bias in either the overall estimate or the in-
tercept term. Rare-events bias could have contributed to increasing bias as the model grew
more complex, particularly in the intercept term, but the sample size and underlying preva-
lence are sufficient to avoid this.
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Experiment II: Inclusion of uncertainty in test sensitivity and speci-
ficity

We have presented evidence to suggest that model behavior is unlikely to be caused by rare-
events bias. We now move to exploring the more complicated model. There are two contrib-
utory components we wish to investigate. The first is the impact of the inclusion of sensitiv-
ity/specificity at all: as specificity is the limiting factor for low prevalence cases, sensitivity is
treated as known in the results described in the following sections. The second component
of the model is the estimation of sensitivity/specificity to propagate uncertainty through to
the final estimate of prevalence. In Experiment 2.1, we focus just on the inclusion of sen-
sitivity and specificity into the model, and then in Experiment 2.2, we add in an estimation
component.

Experiment 2.1: Known specificity

Our first investigation aims to determine whether accounting for sensitivity and specificity
impacts the recovery of the underlying COVID-19 antibody prevalence. In Figure 2, we see
that for lower base rates, specificity has a greater impact on the comparison of the observed
sample rate to the true population rate. With this in mind, we focus specifically on varying
specificity at 0.98, 0.99, 0.995, and 1.00, holding the sensitivity steady at 1.00. When interpret-
ing the results, it is helpful to remember that our motivating example used a measurement
with an estimated specificity of 797/800 = 0.996. As with previous analyses, we sequentially
add covariates into the model. We record the predicted estimates and intercept across all 100
iterations.

Figure 6 shows the difference between the estimated COVID-19 antibody prevalence in
the population and the true COVID-19 antibody prevalence in the population (top panels).
The difference between the estimated COVID-19 antibody prevalence in the population and
the true prevalence of positive tests in the population is also shown (bottom panels). The
shows see a vertical shift upwards as specificity varies when estimates of COVID-19 antibody
prevalence are compared to test prevalence, but relatively unbiased estimates when com-
pared to the true COVID-19 antibody prevalence in the top panel.

We then apply this model to the real-world data. This model has two major differences
from the originally applied model in the motivating example. Overall effects are not included
in the model at all, and sensitivity/specificity are not estimated. We use this model and com-
pare it to the results of Figure 6. Figure 7 shows the error of comparing a posterior predictive
check of the estimated COVID-19 prevalence to the sample test prevalence. In the motivating
example, we see the estimate of population prevalence decrease as the specificity decreases.
When compared to the sample mean, this suggests a negative bias. However, this is driven
by the differences in comparison to the sample mean (the observed COVID-19 antibody test
prevalence) and the true population base rate (the true occurrence of COVID-19).

This suggests that the overall shift downward from the sample mean is driven by the
specificity component in the model, and most likely still a good adjustment from the over-
all sample mean. When the specificity is closest to the specificity used in our motivating
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Figure 6: Difference between estimate of COVID-19 antibody prevalence and the true COVID-19
antibody prevalence (top panels) in comparison to the difference between estimate of COVID-
19 antibody prevalence and true positive test prevalence (bottom panels). Covariates are se-
quentially added for each model (color, side-by-side box plots) for different specificity values
(x-axis). A sample size of 400 (left panels) and 4000 (right panels) with 20 covariate levels (re-
sults for other covariate levels are included in Appendix A.7). While the estimate is relatively
accurate for true COVID-19 prevalence (particularly with a larger sample size), when compared
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with test prevalence, the estimate is impacted by specificity.
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Figure 7: Estimate of sample mean with real data using models 0-5 with different levels of mea-
surement error. As we vary the specificity value (dark shade = smaller specificity, lighter shade
= higher specificity), we see the overall estimate for all models shift upwards, but no change as
the models grow more complex. The gray solid line shows the original model estimates, which
align for the first three models with the specificity value of 0.995, the closest value to the speci-
ficity estimated in the real data example. This suggests the shift downward from the sample
mean (gray dotted line) is attributable to accounting for measurement error; however, the in-
creasing slope as the model grows more complex is not.

example (0.995, light purple), the initial model estimates (with no overall effects and speci-
ficity/sensitivity estimated) align very closely. When the specificity is 1.0 (light pink), the over-
all predictive estimate is very close to the sample mean.

Experiment 2.2: Specificity estimated from data

Varying the specificity moves the overall estimate of the model, but previous results suggest
that this is driven by differences in the inferred overall population COVID-19 antibody preva-
lence when compared to the observed test prevalence. In our simulation study, we observed
relatively small amounts of bias in estimating the true prevalence with a sample size of 4000,
suggesting that this shift is moving toward a correct estimate of population prevalence.

In this experiment, we focus specifically on adding in the estimation of specificity within
the model. As in Experiment 2.1, we consider four specificity values but vary the associated
sample size used to estimate these values, setting them at m, = 400, 800, 1200, and 8000.
These values can be compared to 800, the amount of test assay data in the motivating exam-
ple of Machalek et al.'® The other levels of data were chosen to vary the information whilst
making it possible to retain exactly the same sample estimate of specificity. Table 3 shows the
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Spec=0.98 Spec =0.99 Spec =0.995 Spec=1

my FP TN FP TN FP TN FP TN
400 8 392 4 396 2 398 0 400
800 16 784 8 792 4 796 0 800
1200 24 1176 12 1188 6 1194 0 1200
8000 160 7840 80 7920 40 7960 0 7840

Table 3: Sample size and corresponding expected false positive (FP) and true negative (TN)
counts for calibration data corresponding to different calibration sample sizes m, and different
values of specificity, Spec = E(TN)/(E(TN) + E(FP)).

four different specificity values and four different sample sizes, and the corresponding false
positive and true negative rates. The values closest to the one used by Machalek et al. (3 false
positives and 797 true negatives) are highlighted. We again model only the specificity and set
the sensitivity as 1. All other modeling decisions are identical to Experiment 2.1.

When incorporating the estimation of specificity into the model, Figure 8 shows a nega-
tive bias, rather than a slight positive bias as previously seen in Figure 6. The shift downward
is most striking in smaller sample sizes and, surprisingly, when true specificity is closer to
1. The relationship with sample size suggests that this is potentially an impact of the model
prior. However, the beta(T N, FP) distribution is centered on the specificity rate regardless of
sample size, suggesting potential feedback through the model. Our simulation results show
a decreasing trend as the model grows more complex, further strengthening this argument
(as increasing the number of parameters in the model also changes the prior). This suggests
that our ability to infer the true COVID-19 prevalence might worsen (slightly) as the model
becomes more complex. The bias appears worse overall when specificity is higher.

In Figure 9, we estimate the COVID-19 prevalence using models that incorporate speci-
ficity uncertainty. We see a number of interesting trends. Like before, we see an overall shift
based on the underlying specificity (all lines move vertically across the facets).

However, when we incorporate uncertainty, we see a greater effect of the sample size used
to estimate specificity, and an interaction in how this is observed with the value of specificity.
When specificity is near 1 and estimated with a large sample size, the estimate of prevalence
is roughly the sample prevalence of positive tests, which aligns with previous findings; see
Figure 7. Decreasing the sample size used to estimate specificity results in a lower prevalence.
This effect is reversed when the specificity is lower, with a smaller sample size resulting in a
higher underlying prevalence.

We also see an impact of the number of parameters included in the model. As the model
becomes more complex, the estimates decrease. This is particularly interesting, as it sug-
gests that less data to inform the estimation of specificity results in a greater susceptibility to
changing the prior of the multilevel component of the model (which happens as more pa-
rameters are added).
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Figure 8: Bias (y-axis) between the estimated COVID- 19 antibody prevalence and true COVID-
19 antibody prevalence using models with sequentially added covariates (color). The sample
size my of the assay calibration data used to estimate specificity is represented on the x-axis.
Models presented were fit with a sample size of 4000 and 20 covariate levels for each covariate.
The panels represent different values of specificity. The downward trend as the models grow
more complex is larger when smaller sample sizes are used to estimate specificity. The compa-
rable condition to the motivating example is sample size = 800 and specificity = 0.995.

Experiment III: Adding non-varying effects terms

In Experiments I and II, we have focused on models with just varying effects. This allowed
us to explore the performance of a standard MRP method with rare-event (Experiment I)
and when incorporating sensitivity and specificity estimation (Experiment II). However, in
the original methodology used by Machalek et al., non-varying (fixed/overall) and varying
effects were both used.

In the original models, SEIFA was included as both an non-varying and varying effect.
This can be useful when there is a strong correlation between the predictors and group ef-
fects.? SEIFA scores are socioeconomic quintiles measured at the postcode-level. Since we
are also modeling postcode as a varying effect, this high correlation between SEIFA and post-
code may compromise the estimates. This means that from model 3 onward, we explored the
encoding of both an non-varying and varying effect for the same parameter.

Sex, a two-level variable, was also included in the variable as a non-varying effect term.
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Figure 9: COVID-19 antibody estimates (y-axis) for models 0-5 (x-axis) with specificity esti-
mated. Each panel represents a different specificity (0.980,0.990,0.995,1.000). Colors indicate
different sample sizes used to estimate specificity, with darker hues representing larger sam-
ple sizes and lighter hues representing smaller sample sizes. The original model estimates are
marked in gray, with the dotted line indicating the sample proportion of positive tests. The
sample used to estimate COVID-19 antibody prevalence was held constant at 4000.

This is because, with just two levels, it is impossible to estimate the variance term on a varying
effect.!? This variable is included in model 4 onward. In the following experiment, we code
and model our simulated variables in a similar manner to that of our motivating example to
explore whether this is the third contributing factor.

To do this, we use the continuous version of X3, denoted as X, which we will use in the
model alongside its corresponding discretized variable, which will still be incorporated as a
varying effect as SEIFA is in the motivating example.?!! Next, we add a second binary variable
X, thatis derived by discretizing the continuous X4 in the population into L(k) = 2 groups.

Equation (8) provides an example of how model 3 has been modified for this simulation.
In addition to an overall intercept and three varying effects, an additional overall slope pa-
rameter is added for X7, the continuous version of X3. To be consistent in investigating the
effect of two non-varying effects terms from model 3 onward, we also add an overall slope pa-
rameter for X; to model 3 to investigate the effect of two non-varying effects (equation (9)).
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Figure 10: Difference in estimated and true prevalence of models (y-axis) with different num-
bers of overall effects. A sample of 4000 for the primary data and a sample size of 800 is used
to estimate specificity. Covariates have 20 levels. Box plots represent variation across 100 iter-
ations. We add either one or two overall slope coefficients (fixed effects) into Model 3 onward,
which we focus on for this plot. The horizontal panels represent changing specificity value.

In the original application, model 3 only has one non-varying effects term.

For models 4 and 5, the slope parameter for X replaces the varying intercept for X4 from
earlier experiments. This is to remain consistent with the original application, where the
binary variable is modeled as a non-varying effect instead of a varying intercept term. This
means that in model 4 it would be the same as in equation (9). See Table 2 again for the
adaptation to different experiments.

X3 )
X310)

8)

L =1 * * Xi X, X3
mi =logit™ (Bo+ f1X5 + P Xy +ay +ay +ay’ ). 9)

—Trgit—] X X,
;i =logit™" (Bo + 1 X3 + Oy, T U, T

We run the models accordingly and record the predicted estimate. To better illustrate the
differences between models, we calculate the bias of the predicted estimates by comparing
them to those from model 0. Figure 10 shows the difference in the bias of predicted estimates
relative to model 0. See Appendix A.9 for other results, as the increasing prior sample size my
and the specificity value approaches 1, the bias gradually diminishes.

In the original data application, non-varying effect terms are introduced starting from
Model 3. We remove them one at a time to assess their impact. Figure 11 demonstrates that,
in their absence, the estimates remain more stable across models, with a smaller decrease
compared to the previous model.

4 Feedback between components of the model

In the three preceding experiments, we have demonstrated that it is not one single issue that
is the culprit for this phenomenon, but rather an interaction between the observed preva-
lence of positive tests, the inclusion of specificity and the estimation of specificity. In partic-
ular, we note the impact of the amount of data to estimate the specificity parameter (m,) on
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Figure 11: Predicted estimates from models 0-5 with measurement error estimation, holding
sensitivity fixed at 1 and a different number of non-varying (fixed) effect terms on the original
data. Predictors are only added from model 3 onward: green indicates removal of both, orange
is where we keep one, and purple represents the original model estimates with one predictor
for model 3 and two predictors for models 4 and 5. The plot shows that without additional
predictors, the model estimates show less of a downward trend.
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Figure 12: Posterior estimates for the population prevalence #, sample prevalence Pr(y* = 1),
sensitivity 5, and specificity y. Points represent posterior median, while uncertainty intervals
indicate 80% credible intervals. Grey lines indicate observed sample prevalence in the top panel
or observed sample sensitivity and specificity, respectively, in the bottom panels.

the estimates for the population COVID-19 antibody prevalence.

This indicates feedback in the model, where the mixed effects component impacts the
specificity, particularly when there is less data to estimate specificity. In this final analysis, we
focus specifically on the interaction between the overall model prior, model complexity and
parameter estimation.

Focusing on real data in Figure 12, we see the posterior predictive distributions for pop-
ulation prevalence and test prevalence in the top panels. The population prevalence is both
shifted downward and decreases as the model grows more complex. We can also see that this
is not observed in our estimates of Pr(y* = 1), suggesting that the decrease in the model is
due to other components in the model.

In the bottom panels, we plot the posterior estimates for sensitivity and specificity. While
sensitivity remains constant for all models, specificity shows a decrease, mirroring the de-
crease in the population prevalence. This is interesting as the information to estimate speci-
ficity (true negative and false positive rate) does not change across these models. What does
change across these models is the overall prior for the model—or the prior predictive distri-
bution for the population estimate.

In Figure 13, we see the prior predictive distributions for the population prevalence 7,
the sample prevalence Pr(y* = 1), the sensitivity §, and the specificity y. Here we see that as
the model grows more complex (from model0 to model5), the prior predictive mass moves
from a roughly uniform distribution across the probability space to a distribution that favors
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Figure 13: Prior predictive distribution for overall population estimate of COVID- 19 prevalence
and observed test prevalence for the simplest (intercept-only) and more complex (with 5 covari-
ates) model.

probability estimates in the center of the probability space more than the extreme ends near
0 and 1.

If we observe a lower sample test prevalence than expected based on the prior, this could
be the result of two aspects in the model. The first is our estimate of the overall test preva-
lence, Pr(y* = 1). While we see this to be true in model 0, in that our estimated test prevalence
posterior has decreased from the prior, we do not see much impact in the posterior for test
prevalence between model 0 and model 5, even though the prior predictive for these models
changes considerably; see Figure 13.

The other parameter is much less intuitive. Consider an example with 100 positive tests
out of 200. This is composed of the number of false positives and the number of true positives
(positive tests = FP + TP). Let’s assume that sensitivity is 1, so all positive cases are observed
(no false negatives). In Table 4, we show two examples where the observed proportion of pos-
itive tests remains constant, but a changing specificity implies this is composed of a different
number of false positives, which implies a different number of true positives and thus a dif-
ferent true prevalence. In Figure 12, we observe exactly this. The estimated observed tests
remain constant over the models, but the specificity estimate decreases, implying a different
true COVID-19 antibody prevalence.
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Sample size +vetests Specificity False positive True positive True prevalence
200 100 0.952 5 95 95/200 = 0.475
200 100 0.909 10 90 90/200 = 0.450

Table 4: Simple example demonstrating how, if the number of tests remains constant but the
specificity is changed, this implies a different true COVID-19 antibody prevalence.

5 Discussion

In this work, we present a detailed and careful exploration of a model that incorporates mea-
surement error within an MRP framework for the estimation of COVID-19 antibody preva-
lence. We demonstrate the use of a series of simulation studies to decompose and under-
stand the contributing factors to unexpected results in a complex model. Ultimately, we can-
not conclude a single source for unusual findings, but we believe the findings together are
useful for those working with similar and adjacent models.

We begin by demonstrating that the posterior predictive checks can be completed in an
MRP setting. By specifically completing a posterior predictive check at the aggregate level, we
avoid the challenges identified by Kuh et al.,'® who demonstrate that individual predictive
goodness does not necessarily align with predictive goodness at a population average level.
By comparing the aggregate posterior predictive check to the sample mean, we can identify
whether we specifically have a modeling issue or a poststratification issue. In this case, as the
challenge was observed in the aggregate sample posterior predictive check, we concluded
that we have a model rather than a poststratification issue.

We identified three potential causes of the worsening posterior predictive check. We first
explore the estimation of relatively rare prevalence with MRP. Rare-events bias is a demon-
strated issue for logistic regressions, '%'830 but to our knowledge it has not been explored in
an MRP context. Our first experiment showed that whilst the estimated intercept term is bi-
ased (consistent with existing literature) when prevalence is low and sample size is small, this
does not reflect a bias in the estimation of the sample mean. This is consistent with other
counterintuitive findings in MRP validation research. 16

We then incorporated uncertainty in the tests when compared to the true COVID-19 an-
tibody status. In the estimation of test error, we introduced measurement error estimation—
particularly specificity—into our MRP model. When specificity is assumed to be known rather
than estimated from data, the population prevalence estimate depends on the specificity
value but is not affected by model complexity. When we add in a component of estimation
for specificity, we then see that as the model grows more complex, the overall prevalence of
the estimate decreases. This pattern is also observed in the real data, where the degree of bias
varies with the specificity value and the amount of available information () for estimating
specificity.

In the third simulation, we incorporated additional predictors in model 3 onward, mir-
roring the later models in the original analysis. When little information was available on the
test sensitivity and specificity (in other words, small m,), bias increased as more covariates
were added to the hierarchical model. However, as m, increases, the presence of one or two
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additional predictors no longer influences bias, and the increasing bias effect disappears.
Similarly, in the real data, bias was less pronounced when non-varying effect predictors were
not added to the model.

Our simulation studies reveal that when sensitivity and specificity are incorporated into
an extended MRP model, the overall model prior (the overall suggested prevalence of the
model) can feedback into the estimated test specificity, even if the data used to inform the
test specificity directly do not change. This then causes a complex feedback loop that results
in a decreased estimate for population prevalence as the model grows more complicated.

Overall, our simulations suggest that a general deviance of the estimate of population
prevalence when compared to the sample mean does not necessarily indicate poor model
performance. In our simulations, we saw good recovery of population prevalence, and the
deviation from the sample mean was an expected correction for measurement error. How-
ever, when specificity is estimated, we see the estimate for specificity decreases as the model
grows more complex, suggesting feedback. We recommend that practitioners using a com-
plex MRP model, such as the one presented in this paper, should examine layer by layer to
check that results align with expectations and to disentangle any discrepancies that arise. As a
starting point, comparisons against the sample average and poststratification on the sample
data can be informative but should not be a gold standard when a measurement error model
is used. When necessary, simulation studies should be conducted to validate the model’s
behavior.

In this work, we have aimed to disentangle the underlying causes of this bias and present
a statistical workflow for diagnosing unexpected results in complex models. One potential
solution to this problem is further work exploring global and regularizing priors to avoid in-
creased feedback as the model grows more complex. In general, it is important to evaluate
the statistical properties of adjustment procedures as the number of covariates increases.
Our findings suggest a workflow for identifying and addressing this sort of systematic error in
real-world analyses.
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A Additional proofs and results

A.1 Solving for (g

In equation (5), let w; = Pr(y; = 1), taking logits on both sides and finding the expectation, we
get:

E(logit(m))
E(logit(m))

ECo+01 X1 +01 Xo+---+(1X5)
E({o) +E((1X1) +E((1X2) + -+ E((1 X5)

Since we set the values of {; and generate X, we take the expectation of X (which is not the
case usually) to get

E(logit(7)) = E({o) + (1E(X1) + (1 E(X2) + -+ + (1 E(X5).

Since we are setting n;.* =Pr*(y; = 1) tobe 0.01, {; = 0.3 and generating five X’s from a uniform
distribution between —0.5 and 0.5 (expected value of uniform(a, b) is (a+ b)/2),

~4595 = E({o)+0.3((=0.5+0.5)/2) + 0.3((=0.5+0.5)/2) + - -+ 0.3((=0.5 + 0.5)/2)
EWo) = -4.59512—-0.3-0-0.3-0---—0.3-0
E(o) = -4.595.

For a generic formula to find the expectation of {y in our case, for K is the number of covari-
ates X:

E({o) = E(logit(m) + {1 % Y_(EX)) k),
k
But since we generate X to have an expectation of 0,
E({o) = Elogit(m)).

To check that our calculation is correct, using the expected value of {y, we simulated to check
that our expected value of 7* = Pr*(y; = 1) is about 0.01.
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A.2 Proof of constraints for Pr(y; = 1)

Let 6 = sensitivity and y = specificity. We denote Pr(y; = 1) as p and n; as 7 for simplicity.
Solving for p by using 0 < 7 < 1:

p=nd+{1-m(1-7y)
i (p+)f—1);
G0+y-1

<(P+Y—1)<
O0+y-1

<<l

Since we need to multiply the denominator (§ +y — 1), we investigate three scenarios: (a)
Whend+y-1>00ré>1-7y:

0<(p+y-D<@B+y-1
1<p+y<d+y
1-1<p<o

(b) Whend+y—-1<0ord<1-7y:

G+y-D<(p+y-1<0
o+y<p+y<l
o<p<l-y

(c) When ¢ = (1 — ), the denominator becomes 0 and the fraction becomes undefined.

Thus when 7; = Pr(y; = 1)—the probability of the true COVID-19 antibody status of an in-
dividual is positive—is constrained within (0, 1), then p, or Pr(y; = 1), the expected frequency
of an individual testing positive must be constrained within

(1-N<Pr(y; =D <8, if6>01-7)
S<Pr(yr=D<(1-y), ifo<d-y)
oo, if6=(1-7).
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A.3 Modifications to the real data model in different experimental settings

Experiment I: rare-

Experiment II:

Inclusion of

Experiment III: Adding overall

events bias in logistic  the uncertainty of test sensi- effects terms
models (with covari- tivity and specificity
ates)
Exp 1.1 Exp 1.2 Exp 2.1 Exp 2.2 Exp 3
Model intercept-‘?:r;;lt Without Without Removing overall effects terms
only overall effects overall effects
mod-  clectsand .y hown but estimating N© overall One overall
els nml::‘li‘;ii; " specificity specificity'! effects term effects terms
0 - = Two No change No change
=y logit™! (o) hes:
= . approaches: (1)
= In equation (6), .
5 fixed sensitivit Keep sensitivity
% 1 - .n_,-l: N andy fixed at 1 while  No change No change
& logit™" (o + specifici t, at estimation of
b Ustrata) P Y specificity with
= fixed values = .
g 10.98, 0.990 a beta prior
§ 2 - . ®postcode 0995” 1000'} using var.ying No change No Change
s respectivel sample sizes,
§ s P Y (2) estimate No b
<) - .ot Ageifa both specifici 0 change
° and SeII)lSi’[iVi ; Continuous
. ty SEIFA variable
i with beta removed
4 B No change priors and Binary sex
varying sample variable removed
sizes.
5 - oot Qage

Variables are gradually removed

Table 5: In each experiment, parts of the model (or covariates) are gradually removed from

Models 0 through 5 to mimic the settings in the simulation setup.

iEquivalent to a classic multilevel logistic regression using equations (4)—(5) only.
Different sample sizes for true positives, true negatives, false positives and false negatives.

iiiBinary sex variable was added at this stage in the original application. Since overall effects are not added,
model 4 remains the same as model 3 in this experiment setup.
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A.4 Alliteration results from Experiment 1.1: Intercept-only model
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Figure 14: Bias (y-axis) for predicted estimates using varying sample sizes (x-axis) from the
intercept-only models, for true probability of outcome = 0.001,0.01,0.1,0.2 in each panel. Each
point represents a single iteration. Unlike the box plots presented in the main, which show
overall expected bias, this figure shows the clumping of model estimates with smaller sample
sizes. This is driven by the properties of the sample and the number of observations that were 1
in that particular iteration. Not that most cases when sample size is small and the prevalence
is rare are in samples where no positive observations were observed, with the “outliers” where

at least 1 observed.
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A.5 Experiment 1.2: With covariates: {; = 0.3

Sample size = 400 4000
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Figure 15: Box plots for bias (y-axis) for predicted estimates and intercept using models with
sequentially added covariates (x-axis), for sample size of 400 (left panel) and 4000 (right panel)
and each with a different number of covariates (4, 10, or 40) on the horizontal panel, fixing
{1 =0.3. All the models are fitted using the brm function, which calls Stan from R. Orange is
for the predicted estimate, and purple is for the predicted intercept. The plot shows intercept
gets increasingly biased when we are estimating more number of levels in each covariate. The
pattern is more apparent when the sample size is 400.
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A.6 Experiment 1.2: With covariates: {; =0

Sample size = 400 4000
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Figure 16: Box plots illustrating bias for predicted estimates and intercept (y-axis) using mod-
els with sequentially added covariates (x-axis), for sample size = 400 (left panel) and 4000
(right panel). Each horizontal panel corresponds to a different number of covariate levels (4,
10, or 40) with {; set to 0. All models are fitted using the the brm function, which calls Stan
from R. Predicted estimates are shown in orange, and intercept estimates are shown in purple.
The plot indicates that intercept bias increases as the number of covariate levels increases, with
this pattern being more pronounced when the sample size is 400.
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A.7 Experiment 2.1: other covariate levels when not estimating specificity
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Figure 17: Difference between estimated COVID-19 antibody prevalence and true COVID-19
antibody prevalence (y-axis) using models with sequentially added covariates (color, lighter
shade indicating more complex model), for sample size = 400 (left panel) and 4000 (right
panel) and each with a different number of covariate levels (4, 10, or 40) on the horizontal
panel, fixing {1 = 0.3. The different specificity values are included on the x-axis. The plot shows
that when estimating the true COVID-19 antibody prevalence the model is relatively unbiased,
although with some overestimation with smaller sample sizes. The number of levels in each
covariate does not seem to have made an impact.
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lence using models with sequentially added covariates (color, lighter shade indicating more
complex model), for sample size = 400 (left panel) and 4000 (right panel) and each with a dif-
ferent number of covariate levels (4, 10, or 40) on the horizontal panel, fixing {; = 0.3. The
different specificity values are included on the x-axis. The plot shows that if we compare the es-
timate COVID- 19 antibody prevalence to the true test prevalence, we see a consistent difference
that depend on specificity. The number of levels in each covariate does not seem to have made
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A.8 Experiment 2.2: other covariate levels when estimating specificity
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Figure 19: Bias (y-axis) for predicted estimates using models with sequentially added covari-
ates (represented by color), for various specificity values on the horizontal panel and a different
number of covariate levels (4, 10, or 40) on the vertical panel, fixing{; = 0.3. The vertical panels
represent different specificity values, while the x-axis represents the sample size m,, used to esti-
mate specificity. All the models are fitted using customized Stan code. While the true specificity
and data used to estimate the true specificity both impact either the change in bias as models
grow more complex (sample size) or the initial bias (specificity), the number of categories in
each level isn't as impactful.
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A.9 Experiment 3. Impact of sample size used to estimate specificity.
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Figure 20: Difference in the bias of predicted estimates with model 0 (y-axis) using models with
sequentially added covariates, with specificity estimated from external data and overall effects
terms added (x-axis), for a sample size of 4000 and 20 covariate levels for 100 iterations. We
add either one or two overall slope coefficients (fixed effects) into Model 3 onward . The vertical
panels are when the specificity value changes, and the horizontal panels are for the various
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