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Abstract

We study a new technique for the asymptotic analysis of heavy-tailed systems conditioned
on large deviations events. We illustrate our approach in the context of ruin events of mul-
tidimensional regularly varying random walks. Our approach is to study the Markov process
described by the random walk conditioned on hitting a rare target set. We construct a Markov
chain whose transition kernel can be evaluated directly from the increment distribution of the
associated random walk. This process is shown to approximate the conditional process of in-
terest in total variation. Then, by analyzing the approximating process, we are able to obtain
asymptotic conditional joint distributions and a conditional functional central limit theorem
of several objects such as the time until ruin, the whole random walk prior to ruin, and the
overshoot on the target set. These types of joint conditional limit theorems have been obtained
previously in the literature only in the one dimensional case. In addition to using different
techniques, our results include features that are qualitatively different from the one dimensional
case. For instance, the asymptotic conditional law of the time to ruin is no longer purely Pareto
as in the multidimensional case.

1 Introduction

The focus of this paper is the development of a precise asymptotic description of the distribution of
a multidimensional regularly varying random walk (the precise meaning of which is given in Section
2) conditioned on hitting a rare target set represented as the union of half spaces. In particular,
we develop tractable total variation approximations (in the sample path space), based on change-
of-measure techniques, for such conditional stochastic processes. Using these approximations we
are able to obtain, as a corollary, joint conditional limit theorems of specific objects such as the
time until ruin, a Brownian approximation up to (just before) the time of ruin, the “overshoot”,
and the “undershoot”. This is the first paper, as far as we know, that develops refined conditional
limit theorems in a multidimensional ruin setting; results in one dimensional settings include, for
instance, 3], [12], [8]. The techniques developed to obtain our results are also different from those
prevalent in the literature and interesting qualitative features arise in multidimensional settings.
For instance, surprisingly, the asymptotic conditional time to ruin is no longer purely Pareto, as in
the one dimensional case. A slowly-varying correction is needed in the multidimensional setting.

The multidimensional problem is a natural extension of the classical one dimensional random
ruin problem in a so-called renewal risk model (c.f. the texts of [1, 2]). In this paper, we consider
a d-dimensional regularly varying random walk S = (S, : n > 1) with Sy = 0 and drift n € R? so
that ES,, = nn # 0. Define

Tya+ =inf{n >0:S5, € bA*},



where A* is the union of half spaces and 7 points to the interior of some open cone that does
not intersect A. The paper [10] notes that P(Tp4+ < 0o) corresponds to the ruin probabilities for
insurance companies with several lines of business. Using natural budget constraints related to the
amount of money that can be transferred from one business line to another, it turns out that the
target set takes precisely the form of the union of half spaces as we consider here.

Our goal is to illustrate new techniques that can be used to describe very precisely the con-
ditional distribution of the heavy-tailed processes given T4 < oo. Our approximations allow to
obtain, in a relatively easy way, extensions of previous results in the literature that apply only in
the one dimensional settings. Asmussen and Kliippelberg ([3]) provide conditional limit theorems
for the overshoot, the undershoot, and the time until ruin given the eventual occurrence of ruin.
Similar results have been obtained recently in the context of Levy processes (see [12] and references
there in). We apply our results here to obtain multidimensional analogues of their conditional limit
theorems and additional refinements, such as conditional central limit theorems.

Our general strategy is based on the use of a suitable change of measure and later on coupling
arguments. The idea is to approximate the conditional distribution of the underlying process step-
by-step, in a Markovian way, using a mixture of a large increment that makes the random walk
hit the target set and an increment that follows the nominal (original) distribution. The mixture
probability is chosen depending on the current position of the random walk. Intuitively, given
the current position, the selection of the mixture probability must correspond to the conditional
probability of reaching the target set in the immediate next step given that one will eventually
reach the target set. The conditional distribution itself is also governed by a Markov process,
so the likelihood ratio (or Radon-Nikodym derivative) between the conditional distribution and
our approximating distribution can be explicitly written in terms of the ratios of the corresponding
Markov kernels. By showing that the second moment of the likelihood ratio between the conditional
distribution and our approximating distribution approaches unity as the rarity parameter b — oo
we can reach the desired total variation approximation (c.f. Lemma 2). A crucial portion of our
strategy involves precisely obtaining a good upper bound on the second moment of the likelihood
ratio. The likelihood ratio is obtained out of a Markovian representation of two measures. It is
natural to develop a Lyapunov-type criterion for the analysis of the second moment. This approach
is pursued in Section 3, where we introduce our Lyapunov criterion and develop the construction
of the associated Lyapunov function which allows us to bound the second moment of the likelihood
ratio of interest as a function of the initial state of the process.

There are several interesting methodological aspects of our techniques that are worth empha-
sizing. First, the application of change-of-measure ideas is common in the light-tailed settings.
However, it is not at all standard in heavy-tailed settings. A second interesting methodological
aspect of our technique is the construction of the associated Lyapunov function. This step often
requires a substantial amount of ingenuity. In the heavy-tailed setting, as we explain in Section 3,
we can take advantage of the fluid heuristics and asymptotic approximations for this construction.
This approach was introduced in [4] and has been further studied in [5], [6] and [7]. In fact, many of
our ideas are borrowed from the rare-event simulation literature, which is not surprising given that
our strategy involves precisely the construction of a suitable change of measure and these types of
constructions, in turn, lie at the heart of importance sampling techniques. The particular change of
measure that we use is inspired by the work of [9] who applied it to the setting of one dimensional
(finite) sums of regularly varying increments.

The approximation constructed in this paper is tractable in the sense that it is given by a Marko-
vian description which is easy to describe and is explicit in terms of the increment distribution of
the associated random walk (see (10) and Theorem 1). This tractability property has useful conse-
quences both in terms of the methodological techniques and practical use. From a methodological



standpoint, given the change-of-measure that we use to construct our Markovian description (basi-
cally following (5)), the result of convergence in total variation provides a very precise justification
of the intuitive mechanism which drives the ruin in the heavy-tailed situations. In addition, the
result allows to directly use this intuitive mechanism to provide functional probabilistic descrip-
tions that, while less precise than total variation approximations, emphasize the most important
elements that are present at the temporal scales at which ruin is expected to occur (if it happens at
all). These functional results are given in Theorem 2. Our total variation approximation (Theorem
1) allows to construct a very natural coupling which makes the functional probabilistic descriptions
given in Theorem 2 relatively straightforward in view of standard strong Brownian approximation
results for random walks. Finally, from a practical standpoint, the tractability of our total variation
approximation allows for a deep study of the random walk conditioned on bankruptcy, for instance,
via efficient Monte Carlo simulation, at scales that are finer than those provided by the existing
functional limit theorems (c.f. [11]).

The rest of the paper is organized as follows. In Section 2 we explain our assumptions, describe
our approximating process, and state our main results. The estimates showing total variation
approximation, which are based on the use of Lyapunov inequalities, are given in Section 3. Finally,
the development of conditional functional central limit theorems is given in Section 4.

2 Problem Setup and Main Results

2.1 Problem setup

Let (X, : m > 1) be a sequence of independent and identically distributed (i.i.d.) regularly varying
random vectors taking values in R?. A random vector X is said to have a multivariate regularly
varying distribution if there exists a Radon measure p(-) (i.e. a measure that is non-zero nor
degenerate) such that for any Borel set, B, that does not contain the origin we have

. P(X ebB)
XL >0 ) )
The random vector X has a relatively very small probability of jumping into sets for which p (B) =
0. Note that clearly, one can obtain u(B) = oo by including an appropriate ball containing the
origin inside B. If P (|| X, |, > b) = b=“L (b) for some o > 0 and a slowly varying function L ()
(i.e. L(tb)/L(b) — 1 as b 7 oo for each t > 0), then we say that p(-) has (regularly varying)
index «. For further information on multivariate regular variation see [16].
Define S, = X1 + ... + X, + 5g for n > 1. Throughout the rest of the paper we shall use the
notation Ps (-) for the probability measure on the path-space of the process S = (S, : n > 0) given
that Sp = s. Let v}, ..., vy, € R? and al,...,a;, € RT. We define that

A" =UjL{y: yTv;f >a;t={y: I?iéfc(yTv;-‘ —aj) >0}
We set Ty = inf{n >0:S, € A*} and write bA* = {y : y = bx, x € A*}. Note that
bA* ={z:r; (2) >0}
where

* . m T, * *
ry (2) = r}a:alx(z v; —ajb).

Finally, put
up, (s) = Ps (Tpax < 00) .



We are concerned with the asymptotic conditional distribution of (S, : n < Tp4+) given that Tp4+« <
oo as b 0o. Throughout this paper, we impose the following two assumptions

Assumption 1. X, has a continuous regularly varying distribution with index o > 1 and FX,, =
n=—1, where 1 = (1, ..., 1)T € R4,

Assumption 2. For each j, nTv; = —1and pu(A*) > 0.

Remark 1 Assumption 1 indicates that X, has a continuous distribution. This can be dispensed by
applying a smoothing kernel in the definition of the function H (-) introduced later. The assumption
that n = —1 is equivalent (up to a rotation and a multiplication of a scaling factor) to EX, =n # 0,
so nothing has been lost by imposing this condition. We also assume that nTv; = —1 for each j;
this, again, can always be achieved without altering the problem structure by multiplying the vector
v and aj by a positive factor as long as nTv; < 0. Now, given that the random walk has drift n,
it s not difficult to see geometrically that some conditions must be imposed on the v} ’s in order to
have a meaningful large deviations situation (i.e. up(0) — 0 as b — o0). In particular, we must
have that A* does not intersect the ray {tn : t > 0}. Otherwise, the Law of Large Numbers might
eventually let the process hit the set bA*. However, avoiding intersection with the ray {tn : t > 0} is
not enough to rule out some degenerate situations. For instance, suppose that A* = {y : yTv* > 1}
with nTv* = 0 (i.e. the face of A* is parallel to n); in this case Central Limit Theorem-type
fluctuations might eventually make the random walk hit the target set. Therefore, In order to rule
out these types of degenerate situations one requires nTv; < 0.

As mentioned earlier, we are interested in providing a tractable asymptotic description of the
conditional distribution of (S, : n < Tpa+) given that Ty« < 00 as b oo. It is well known that,
given Tpa+ < 00, the process (S, : n < Tpa+) is Markovian with transition kernel given by

uy (s1)
ug (s0)

Note that K* (-) is a well defined Markov transition kernel because of the (harmonic) relationship

K* (So,dSl) = P(X + 80 € dSl)

0 < up () = Es[Ps (Tpax < 00| X1)] = Eluy (s + X7)].

The transition kernel K* (-) is the Doob’s h-transform of the original random walk kernel (the name
h-transform is given after the harmonic property of the positive function u; (-)). The Markov kernel
K* () generates a measure P} (-) on the o-field F7,,. generated by the X}’s up to time Tj4-.

Our goal is to construct a tractable measure PS on Fr, ,. such that for each fixed s,

lim sup |P,(B)—P(B)|=0. (2)

b—o00 BGJ:TbA*

Remark 2 The measures P; and P} certainly depend on the specific rarity parameterb. To simplify

notation, we omit the index b in the notations of Ps and P} when it does not cause confusion.

By tractability we mean that the P, (+) is constructed by a Markov transition kernel that can, in
principle, be computed directly from the increment distribution of the random walk. The transition
kernel associated to P, () will be relatively easy to manipulate and it will be explicit in terms of the
associated increment distribution. Together with the strong mode of convergence implied in (2), we
will be able to provide refinements to common results that are found in the literature concerning
conditional limit theorems of specific quantities of interest (c.f. [3, 11]).



2.2 Elements of the approximations and main results

A natural strategy that one might pursue in constructing P, () consists in taking advantage of the
approximations that are available for v} (s). Define

vlf(s):/o P(X +tn+secbA")dt

= / P (mnéx[(s + X +tn)vf —alb] > O) dt
0

=1
(o9}
:/ P(ri(s+ X) > t)dt = E (ri(s + X)7). (3)
0
Note that in the third equality above we have used that nTv;" = —1. If assumptions 1 and 2 are in
place it is well known that (see [10] and [11])
uy (s) = v (s) (140 (1)) (4)

as b oo, uniformly over s in compact sets. This result, together with the form of the h-transform,
suggests defining the kernel

K, (So,dsl) = P(X + S50 € dSl) Z]b

where
wy (s0) = Evg (so + X)

is introduced to make K, (-) a well defined Markov transition kernel. It is reasonable to expect
that K, (-) and the corresponding probability measure on the sample path space, which we denote

by pY (+), will provide good approximations to both K* (-) and P’ (-). This approach is natural
and it has been successfully applied in the one dimensional setting in the context of subexponential
increment distributions in [4]. However, in the multidimensional setting it is not entirely straight-
forward to evaluate and manipulate either v} (-) or wy (-). Therefore, we shall follow a somewhat
different approach.

Our strategy is inspired by the way in which ruin is intuitively expected to occur in the context
of heavy-tailed increments; namely, the underlying random walk proceeds according to its nominal
dynamics and all of a sudden a large jump occurs which causes ruin. This intuition is made more
precise by the form of the kernel

- I (X +5s9€bA*
K (s0,ds1) = pp (50) P (X + s0 € ds1) P((X n S(; c bA*)) + (1 —pp(s0)) P(X +s0€ds1) (5)

I(X + 50 € bA*
—P(X+s€ dsl){pb (s0) p((X-|-s(; € bA*))

L1, (so>>} ,

where py, (s9) will be suitably chosen so that
Do (80) = Pso (Xl + S0 € bA|TbA* < OO) . (6)

In other words, K (1) is a mixture involving both the ruinous and the regular components. The
mixture probability is chosen to capture the appropriate contribution of the ruinous component at
every step.



We shall construct Py (1) by studying a family of transition kernels K () that are very close to
K (-). We will not work directly with K (-) to avoid some uniform integrability issues that arise
in testing the Lyapunov bound to be described later in Lemma 3. The definition of K (+) requires
a modification of the target set. This modification will be convenient because of two reasons:
First, to localize the analysis of our Lyapunov functions only in a suitable compact region that
scales according to the parameter b; second, to apply a Taylor expansion in combination with the
dominated convergence theorem. The Taylor expansion will be applied to a mollified version of the
function 7} (s) in the verification of the Lyapunov bound.

2.2.1 Enlargement procedure of the target region

First, given any 0 € (0, 1) we define v} (§) = (v} +dn/ 17113)/(1—=6), and observe that nTv;-‘ (0) =—1.
We then write, given 8 > 0, positive

A=A U (U {y:y"0(0) > alP) U (UL {y v > BY).

To simplify the notation let e; € R? be the vector whose i-th component is equal to one and the
rest of the components are zero, and express A in the same form as we do for A*. We write

U3 I1<j<m a; 1<j<m
vj = v;f(é) m+1<j<2m , aj =19 @i, m+1<j<2m
e; 2m+1<j<2m+d 15} 2m+1<j<2m+d

We then have that A = U?Z{F Uy yTv; > a;}. Analogous approximations such as (3) and (4) are
applicable. The addition of the vectors v; for j > m + 1 will be convenient in order to analyze a
certain Lyapunov inequality in a compact set. Now, note that if up (s) = P (Tpa < 00), then

ub(s)(1+0(1)):vb(s)é/oooP(X+t77+s€bA)dt. (7)

Moreover, note that
ug (s) < up (s)

and that, for each fixed s,

uy (s
lim Tim Tim 24 ) _ 1. (8)
6—0 f—00 b—0c0 Up (8)
Our strategy consists in first obtaining results for the event that 7,4 < co. Then, thanks to (8), we
can select S arbitrarily large and  arbitrarily small to obtain our stated results for the conditional
distribution of the walk given T4+ < oo, which is our event of interest.

Now, define

ry () 2 ek {(="v; — a;0)},
J:

and just as we obtained for (3), we can conclude that
vy (s) = E (rp(s + X)T). (9)
Given a € (0,1) the enlarged region takes the form

2m4-d T
)

Apa (80) = {s1: I}a:alx[(sl — 50)" vj — ala;b— spv;)] > 0}.



2.2.2 The familiy of transition kernels K (.)

We now describe our proposed approximating kernel K (-) based on the enlarged target region.
Given a € (0,1) we put

K@mwn=Pw+%e@nV§2ﬁ§§jfg§:3+u—m@m}. (10)

The final ingredient in the description of our approximating kernel, and therefore of our ap-
proximating probability measure P; (+), corresponds to the precise description of py (sp) and the
specification of a € (0,1). The scalar a eventually will be chosen arbitrarily close to 1. As we
indicated before, in order to follow the intuitive description of the most likely way in which large
deviations occur in heavy-tailed settings, we should guide the selection of pj (so) via (6).

Using (7) and our considerations about vy (sg), we have that as b — oo

P (ry(so+X) >0)
v (80)

Py, (X1 + 50 € bA|Tpa < 00) = (I+0(1)). (11)
The underlying approximation (11) deteriorates when 7} (s9) is not too big or, equivalently, as sg
approaches the target set bA. In this situation, it is not unlikely that the nominal dynamics will
make the process hit bA. Therefore, when sg is close enough to bA, we would prefer to select
pb (s0) = 0. Due to these considerations and given the form of the jump set specified in K (-) above

we define
0P (80 + X € Ab,a (So))

(9 min (L

for d2 > 0 chosen small enough and 6, a € (0,1) chosen close enough to 1. The selection of all these
constants will be done in our development.

J)IOw®)§—®®, (12)

2.2.3 The statement of our main results

Before we state our main result we need to describe the probability measure in path space that we
will use to approximate
PS*(S € ) = P(S € "TbA* < 00750 = S)a

in total variation. Given v > 0 define
P={y:y"n>7}
and set Tp4 = inf{n >0:5, € bA}, and Tyr = inf{n >0: S, € bI'}.

Let ]58 () be defined as the measure generated transitions according to K () up to time Tya AN Tpr
with mizture probability as defined in (12), and transitions according to K (-) for the increments
Toa NTyr + 1 up to infinity (or equivalently let the mixture probability be zero for those increments).

It will be very important for our technical development in Section 3 to note that the set (I' U A)®
is compact. In fact, this is partly why we have added the vectors v; for j > m.

We now state our main result.



Theorem 1 For every € > 0 there exists 0,a,9,92 € (0,1) (0,a sufficiently close to 1 and 6,6
sufficiently close to zero), and (3,7,by > 0 sufficiently large so that if b > by

sup |]50 (B)— Py (B)| <e,
BeF

where F = o(Up,o{Sk : 0 < k < n}).

In order to illustrate an application of the previous result we have the next theorem which
follows without much additional effort, as a corollary to Theorem 1. The statement of the theorem,
however, requires some definitions that we now present.

Because of regular variation, we can define for any aj, ...,a;,, > 0

P (max [XTU* —ajb] > 0)
lim
b—o0 P(|[X]ly > b)

K0 aT), (13)

where for any ¢t > 0

ol + 1w+ 0) 2 ({707 = 5) > 1))
J:

Using this representation we obtain that

v;(s):/ooop<max[(s+)<) ot — b]>t> dt

7j=1

=(1+o0(1)P(||X]], > b)/ k(af — b7 sTof + 07, e, — b tsTon, + b7 M) dt
0
=140 > K la] — sty +t,. s v, +1
1 1)) bP X260 bttt — b tsTor, dt
— (14 0(1)bP (||X]], >b)/0 k(@ at + ) d, (14)

as b — oo uniformly over s in a compact set. Actually, an extension to approximation (14) to the
case in which s = O (b) is given in the Appendix; see Lemma 12. To further simplify the notation
we write

kax(t) = k(a] +t,...,ap, +1), (15)
where a* = (af, ...,a},).

Theorem 2 For each z > 0 let Y* (z) be a random variable with distribution given by

<Bﬂ {y : max? 1[yTv] —aj] > z})

P(Y*(z)eB) =
({y max}  [yTvs —aj] > z})

In addition, let Z* a positive random variable following distribution

P(Z" >t)=exp {— t'““*(s)ds}

0 [ Rax(u)du



for t > 0 where ka+ (+) is as defined in (15). Then if So =0 and a > 2, we have that

T * S x T * X *
bA” Dulhar — 0T o ) (7%, OB (uZ*),Y* (Z7))
b Ty b
in Rx D[0,1) x RY, where COT = Var(X), B () is a d-dimensional Brownian motion with identity
covariance matriz, B(-) is independent of Z* and Y* (Z*).

Remark 3 The random variable Z* (multiplied by a factor of b) corresponds to the asymptotic
time to ruin. In the one dimensional setting, Z* follows a Pareto distribution with index o — 1.
The reason is that in the one dimensional case

e () = 21 /:o K (1) du.

S

This no longer can be insured in the multidimensional case. Nevertheless, Z* is still regularly
varying with index o — 1.

Remark 4 If a € (1,2], then our analysis allows to conclude that

TbA* SuTbA* XTbA*
b Ty b

) = (Z*,un,Y*(Z"))

in R x D[0,1) x R? as b — oo.

3 Total Variation Approximations and Lyapunov Inequalities

In this section, we provide the proof of Theorem 1. We introduce a localization step, to avoid
dealing with the infinite horizon nature of the problem. The idea is to replace P () asymptotically
as b — oo by

P¥ ()2 P(S €Ty < Tyr, So = s),

where 6 > 0 is small enough, S and ~ are large enough.

Remark 5 Note that in our definition of P& (-) we write Tyy < Tyr rather than Tya < Tyr. This
distinction is important in the proof of the next result because, due to the geometry of the sets A
and A*, on the set Ty4 > Tyr we can guarantee that Sty is sufficiently far away from the set bA*.

We summarize the notations mentioned earlier.

1. Let A* be the target set, vj(s) be the approximation of Ps(Tj4+ < 00), and P;(-) = P(:|Tya- <
o0) be the corresponding conditional distribution.

2. Let A be the enlarged target set depending on § and 3, vy(s) be the approximation of Py(Ty4 <
00)

3. Let P¥(:) = P(-|Tya < Tyr,So = s) be the modified conditional distribution and T' = {y :
T
y'n =}

4. Let ]55() be the distribution under the change of measure and K be the corresponding tran-
sition kernel applied only up to time T4 A Tpr.



Lemma 1 For each ¢ > 0 we can find 6, 3,~v > 0 such that

P() (TbA* < OO) _ 1‘
Py (Tya < Thr)

limp o0

moreover, for b sufficiently large

sup | Py (B) — BE (B)’ <e.
BeF

Proof. We prove the first part of the lemma by establishing an upper and lower bound of
Py(Tya+ < 00) respectively.
Upper bound. Observe that

Py (Tpa» < 00) = Py (Tpar < 00,Tpa < Typr) + Po (Tpax < 00, Tpa > Tir)

<Py (Tya <Tyr)+  sup  Ps(Thar < 00).
{s:5€bl",s¢bA}

Note that if s € oI and s ¢ bA then s7n > b, sTv; = sTvi + 8sTn/||nll3 < aib(1 —0) for
i € {1,...m}. Therefore,

stof < aib(1—8) = os™n/ |[nll3 < aib — 8¢y + aillnl[3)b/|1n]13.

Thus, supepr\pa sTvf —aib < —6(y + ai||n||3)b/||n]|3. Given e > 0, after choosing § > 0, we can
select v large enough so that

sup Pi(Tpa+ < 00) < Py (Tyax < 00)
{s:s€bl’,s¢bA}

Therefore, we have that given € > 0, we can select § > 0 sufficiently small and ~ large enough so
that for all b large enough

Py (Tyax < 00) < Py (Tya < Typr) + Py (Tha- < 00),
which yields an upper bound of the form
Py (Tyar < o0) (1 —¢) < Py (Tpa < Thr).

Lower bound. Notice that P(Tyr < co) = 1. Then, we have that
P() (TbA < TbF) < P() (TbA < OO) =V (0) (1 + 0(1)) (16)

as b — oo. In addition, by the asymptotic approximation of the first passage time probability,
Lemmas 11 and 12 in the appendix, given ¢ > 0 we can select d, 3 > 0 such that

Vp (0) JE— P(] (TbA < OO)
= im0 04 S 00 g 17
vy (0) 2 Py (Thar < o) a7)

1< mb—>c>o
Thus, we obtain that as b — co

Py (Tya < Tir) < (L+e+0(1)) Py (Thar < 00).

We conclude the lower bound and the first part of the lemma.
The second part of the lemma follows as an easy consequence of the first part. m

Throughout our development we then concentrate on approximating in total variation P (-).
We will first proof the following result.

10



Proposition 1 For all £,9, 8 > 0 there exists 6, a sufficiently close to 1 from below, o sufficiently
small, and v, b sufficiently large such that

sup [Py (B) — Py’ (B) | <,
BeF

where F = o(Uy2qo{Sk : 0 < k < n}).

Note that Proposition 1 combined with Lemma 1 yields the proof of Theorem 1. To provide
the proof of Proposition 1 we will take advantage of the following simple yet powerful observation
(see also [14]).

Lemma 2 Let Qg and Q1 be probability measures defined on the same o-field G and such that
dQ1 = M~'dQq for a positive r.v. M > 0. Suppose that for some ¢ > 0, E?! (MQ) = EQM <
1+¢e. Then,

sup |Q1 (B) — Qo (B)| < &'/2.

Beg

Proof. Note that

Q1 (B) — Qo (B)| = |E?* (1 - M; B)|

< B9 (M — 1)) < BA((M — )2 = (B9 M2 — 1)

<2,

We will first apply Lemma 2 by letting G = Fr, , a1, @1 = Py, and Qg = P¥ (). The program
proceeds as follows. With K defined as in (10), we let
~ P (X d
k(so,sl): (A—FS()E 81)
K (80, dsl)
I(s1 € Apg -1
- {pb ) Loy € s (1)), (1 —ps (80))}
P (SQ + X € Ab,a (So))
_ P (80 + X e Ab,a (80)) I (81 € Abﬂ (80))
o (s0) + (1 = py (s0)) P (so + X € Apq(s0) > 0)
1

+ ml (81 ¢ Ab,a (80)) . (18)

Observe that on G we have

Toa—

1
dpP¥ _ I(TbA < pr) dP; . I(TbA < TbF) ];‘(S S‘_H)
RN} .
0

S

= x -5 — oA ="/
dP, Ps(Tya <Tyr) dP, Ps(Tya <Thr)

=

Therefore, according to Lemma 2, it suffices to show that

dP&\ 2
( dP, )

S

dP&?
—5 | I(Tys <T;
<dPS) (Tya < Thr)

1 :TbAfl
= Eo | T] %#(Sj8j40) I (Toa <Tir) | <1+¢
j=0
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for all b sufficiently large. Consequently, we must be able to provide a good upper bound for the

function

By (s) := Es H k(Sj,8541) I (Toa < Tor)
=0

In order to find an upper bound for ﬁb (s) we will construct an appropriate Lyapunov inequality
based on the following lemma, which follows as in Theorem 2 part iii) of [4]; see also Theorem 2.6
in [13].

Lemma 3 Suppose that C and B are given sets. Let Tp = inf{n : S, € B} and 7c = inf{n: S, €
C'} be the first passage time. Assume that g (+) is a non-negative function satisfying

9(5) 2 B, (k(s,51) 9 (51)) (19)
for s ¢ CUB. Then,
To—1
g(s) > Es | 9(Sr) H l%(Sj,SjH)I(TC < 7B, 70 < 0)
7=0

Furthermore, let h () be any non-negative function and we consider the expectation
To—1
By (s) =By | h(Sre) [] %(Sj,Si41) I (re < 71,70 < 0)
§=0

If in addition to (19) we have that g (s) > h(s) for s € C. We conclude that

g(s) =By (s).

We will construct our Lyapunov function in order to show that for any given € > 0

B (0)
Py (Tya < Tir)?

mb—>oo <l+eg, (20)
with h &~ 1. Note that given any € > 0 we can select v > 0 sufficiently large so that for all b large

enough
Po (Tya <Tpr) < Py (Tpa < o0) < (1+¢€) Py (Tpa < Thr).

Thus, using a completely analogous line of thought leading to (3) we would like to construct a
Lyapunov function

v (s) = 02 () 2 B (ry (s + X)) (21)

If such a selection of a Lyapunov function is applicable then, given € > 0, if v is chosen sufficiently
large, we would be able to conclude the bound (20).

12



3.1 Mollification of 7, (s) and proposal of g, (s).

In order to verify the Lyapunov inequality from Lemma 3 it will be useful to perform a Taylor
expansion on the function gy (-). Since the function 73 (s + X) is not smooth in s, we will first
perform a mollification procedure. Given ¢y > 0 define

2m—+d
oy (s) = colog( > exp([s"v; — a;b]/co))
j=1
and note that
5 (s) < op (s) <1 (8) + colog (2m +d) . (22)
Then, for §y > 0 let
0 r < —50
d(z)=q (z+3)"/(40) || <3
T z > g

Further note that d () is continuously differentiable with derivative d’' (-) given by the function

d(z) = ”“’;50‘501(;3:\ <60)+I(x>d0) <I(x>—6)

and that
T <d(z) < (z+6)7". (23)

Note that the functions g () and d (-) depend on ¢y and dy respectively; and that we have chosen
to drop this dependence in our notation. The selection of dg is quite flexible given that we will
eventually send b — co. We choose

co 2 co(b) = max(bg_Ta,ég) (24)
for some constant ¢g > 0 chosen sufficiently large. Note that we have
B>~ =o(co (b)), o (b) = o(b).

Given cg and dg first we define
Hy (s) = Eld (o (s + X))]. (25)

We will see that the asymptotics of Hy (s) as b goes to infinity are independent of ¢y and dy. Indeed,
observe, using inequality (23) that

Bl s+ X0 = [ P+ X) > 01t < By (o
< Bl s+ X)+00)"] = [ Pans+X) > 1= ). (26)

Therefore, using (22), the inequalities (26) and basic properties of regularly varying functions (i.e.
that regularly varying functions possess long tails), we obtain that for any given dy > 0

Hb(s):(1+0(1))/OOOP(gb(S—|—X)>t)dt (27)
:(1+0(1))/OOOP(Q1,(S—|—X) >t — 60 dt

=(1+0(1)) /OOOP (21?%?{(5 + X)) —ab} >t + o(b)> dt

=1 +o(1))v(s) = (14 0(1)Ps (Tpa < 0),
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as b — oo uniformly over s in any compact set.
Finally, Hy, (-) is twice continuously differentiable. This is a desirable property for the verification
of our Lyapunov inequality. Therefore, we define the candidate of Lyapunov function, gy (-) via

gy (s) = min(c1 Hy, (3)2 , 1)

where ¢; € (1, 00) will be chosen arbitrarily close to 1 if b is sufficiently large. The intuition behind
the previous selection of gy (s) has been explained in the argument leading to (21).

3.2 Verification of the Lyapunov Inequality

We first establish the Lyapunov inequality (19) on the region s ¢ bI" and 7 (s) < —d2b for d2 > 0
suitably small and b sufficiently large. If 7, (s) < —d2b for b large enough so that g, (s) < 1 then,
using expression (18), we note that inequality (19) is equivalent to

Ji1+ Jo <1, (28)

where

P(s+X € Apal(s))
po(s)+ (1 —py(s)P(s+X € Apa(s))’

B gb(s+X)'8 .
J1E<gb(s) s+ X € Ay ( )> X

and
a(s+X)

(1= p(o) 2= (2

X E ()

In order to verify (28) on the region s ¢ bI', 7, (s) < —d2b we will apply a Taylor expansion to
the function g (). This Taylor expansion will be particularly useful for the analysis of Jy. The
following result, which summarizes useful properties of the derivatives of g (-) and d(-), will be
useful.

Lemma 4 Let
w; (s) = exp ((sTv; — a;b) /co)
T i exp ((sTvs — aib) o)

Then,
i) Voy (s) = X7 vjw (s),
ii) Mgy (s) = 337 w; (s) (1 — wj () vjvT /eo.

Proof. Item i) follows from basic calculus. Part ii) is obtained by noting that
Vw;j (s) = wj (s) Viogw; (s)
_ T T _ T
= w; (s) (vj /eo — w; (s) vj [eo) = w; (s) (1 —w; (s))vj /co.

Therefore,
2m+d

Agy(s) = Y wj(s) (L —wj(s)) vjvj /o

j=1

and the result follows. m
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Using the previous lemma it is a routine application of the dominated convergence theorem to
show that
VHy(s) = E [d (o (s + X)) Vop (s + X)] , (29)

where d’ () denotes the derivative of d (-), and the gradient Vg, (+) is encoded as a column vector.
Similarly, the Hessian matrix of Hj (-) is given by

AHy(s) = B [0y (s + X) d (0, (s + X)) +d" (0 (s + X)) Vou (s + X) Yoy (s + X)T] . (30)
This will be useful in our technical development.
We now are ready to provide an estimate for the term Js.

Lemma 5 For every ¢ € (0,1/2), § € (0,1), ¢1 € (1,00) there exists a € (0,1) and by > 0
(depending on €,6, v;’s, 7y, do) such that if b > by, s ¢ bI' UbA and 1y (s) < —d2b then

P (3j: XTv; > a(ajb— sTv;))

J2(1=pp(s)) <1—(2—3¢)

Hy(s)
Proof. Recall that
P(s +X) <
(I —pp(s)) J2 E<gb(3)7 +X & Ay )>

_ / IS L) pota ¢ Ay (s)P (X € da)
rd  9b(S)

- / MI(S + ¢ Apa(s),||zll2 < B)P(X €dx)+o(d").  (31)
rd  9b(S)

We will analyze the integrand above. Keep in mind that s +z ¢ Ay, (s). Given ¢; > 0 fixed, note
that gy(s) < 1 whenever r,(s) < —d2b assuming that b is sufficiently large. Therefore,

gv(s + ) <:175(5‘+'x)2 Hy(s + @) + Hy(s) o 176(5'+1F)——176(8).

< =1+ 32
9v(5) Hy(s)? Hy(s) Hy(s) (32)
In addition, applying a Taylor expansion, we obtain for each z € R?
1
Hy(s +x) — Hp(s) = / 2TV Hy(s + uz)du (33)
0
1 1
= / zt (VH{,(S) + u/ AHp(s+ u’um)xdu’) du.
0 0
Observe that the previous expression can be written as
Hy(s+ ) — Hy(s) = 2 VHy(s) + E (" UAHy(s + U'Uz)z) , (34)

where U and U’ are i.i.d. U (0,1). In what follows, we consider the linear term 27V Hy(s) and the
quadratic term 27 uAHy(s + u'uz)z respectively

15



The linear term. We use the results in (29) and Lemma 4. We shall first start with the term
involving 27V Hy, (s). Define
={s:ry(s) < —d2b,s ¢ bI'}. (35)

Observe that, uniformly over s € R we have
E(XTVH, (s)I(s+ X ¢ Apa (s),||z]]2 < b)) = (0" + o(b~*T1))VHy(s).
Furthermore,
n"VHy(s) = E (n"d (os(s + X)) Vou(s + X))
2m—+d
=E( > wi(s+X)m"vid (op(s + X))
j=1
= —E (d (on(s + X)))
The last step is due to the fact that n7v; = —1 and z%;”frd w;j(s + X) = 1. We have noted that
P (ry (s + X) > &) < E (d' (0v(s + X))) (36)
< P(ry(s+X) > =00 — colog(2m + d))
and therefore, if s € R, following a reasoning similar to Lemmas 11 and 12, for sufficiently large by
(depending on J2,7) and a sufficiently close to 1 we have that if b > by
20 P(3j: XTv; > a(ajb— sTv;)) 90
- E(d (o(s + X))) -

which implies
nTVHy(s) < —a’*P (35 : XTv; > a(ajb— sij)) . (37)
Now, for z taking values on any fixed compact set, we have uniformly over s € R and s + = ¢
Ap o(s) that
lim Hb(S + .T) + Hb(s)
b—o0 Hb(s)
this follows easily using the bounds in (26) and the representation in Lemma 12 in the Appendix.
We obtain that as b — oo,

=2 (38)

(05 ) o]
Hy(s + X) + Hy(s) | XTVHy(s)|

< [y [+ XL WH(NI@+X¢mW@Amm<ﬂ

= o(1)

where the last step is thanks to the uniform convergence in (38) and the dominated convergence
theorem. Similar to the derivation of (36), we have that

|VHy(s)| = O (P (35 : XTvj > ala;b— sTv)))).
Thus, we obtain that
Hy(s+ X) + Hy(s)

Hy(s)
< (~2a** 4 o(1))P (35 : XTv; > a(ajb— sij)) . (39)

E

x XTVHy(s)I(s + X ¢ Apa(s),|z|l2 <b)

where the convergence corresponding to the term o (1) is uniform over s € R as b — oo.
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The quadratic term. We proceed to consider E (z7UAH,(s + U'Uz)z) in (34), which in turn
feeds into (32).

We take advantage of representation (34). However, to avoid confusion with the random variable
X, we introduce an independent copy X of X. Using (30) we then obtain that for u,u’ € (0,1),

AHy(s + vu'uz)
=F _Agb(s + vuz + X)d (op(s + v'uz + X))]
+ E |d"(0p(s + v'uz + X)) Vop(s + v'uz + X)Voy(s + v'uz + X’)T}

S (1— wy)v!

=f | ==L L d (op(s + v'uz + X))
€o
I / X <5 2m-+-d 2m-+-d T
L E (|Qb(5+ugf§+ )| < do) Z ijj( Z 'ijj)
0 . ;
7j=1 7j=1

Since w; € (0,1), we have each of the element of AH}(s+ «w'ux) is bounded by

2m-+d
>0 M3

€0

P (Qb(s +'ux + X) > —50> (40)

1 2m—+d 9 i
# gy 2 1) P (Jote ' X1 < 00). (a1)

We will proceed to analyze each of the terms (40) and (41) separately. Let us start with (40).
Note that .
0b (8 + v'ux + X) > —0o (42)

implies that
b (s + vux + f() > —3p — o log(2m + d).
Equivalently, there exists j such that
XTv; > ajb — sTv; — w'uzTv; — 8o — colog(2m + d).
On the other hand, recall that s +x ¢ Ay, (s) and therefore, for every j
:ETU]' <a (ajb — sij) .

Since u,u’ € (0,1), we have from our previous observations that inequality (42) implies that for
some j R
XTv; > (1 —a)(ajb — svj) — 8 — colog(2m + d). (43)

Now, the inequalities

rp(s) = %n%g[sij — a;b]
‘]:
2m-+d
=— mirll [a;b — sTw;] < —d2b < —2(8p + colog(2m +d)) /(1 — a)
‘]:
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together with (43) imply that for some j

(44)

- 1
XTUJ' > —(1—-a)(a;b— STUJ') > 5(1 — a)d2b.

| =

Therefore, we conclude that if d2b > 2(dp + co log(2m +d))/(1 —a), by regular variation there exists
¢’ such that for all b sufficiently large

P <gb (3 + u'ux —|—)~(> > —(50>

1

<PFj: XTv; > 5(1 —a)dab) < P35 : XTwj > alajb— sTv;))

uniformly over s € R. Note that in the last inequality we use the fact that if s ¢ bI' U bA then
|||l < cb for some constant ¢ depending on /5 and 7. Consequently, we conclude that (40) is

bounded by
2m+d 2
il v;
c’MP(Hj : XTj > a(a;b— sTv))). (45)
Co

Now we proceed with term (41). Note that
P (Joy (s +uw'ua+ %) | < 60) < P (o (5 + wuz + X) = =),
so our previous development leading to the term (45) implies that given any selection of dy, a, co

we have )
P (Jn (s o 5)] <3)
P(Eij : XTUj > a(ajb - STUj))

uniformly over s +x ¢ Ay, (s) and s € R as b — oo. Further, we have that as b — oo

N <‘Qb <8+u’ux+)~()‘ < 5(]) I(s+x¢ Apq(s))
) = P(3j: XTv; > a(a;b — sTvj))
=I(s+x¢ Apq(s))
y P (gb (S—f—u’ua:—i—f() > (5()) - P (Qb (s—l—u’ux—l—f() > —50>
PE) s XTo; > alagh — 570,)
=00b™").

—0(1) (46)

Agyp (x,u,u’

In addition, the above convergence is uniform on the set s € R, and s + 2 ¢ Ap,(s), and on
u,u’ € (0,1). We now consider two cases: 1 < a <2 and a > 2.

18



Case: a > 2. The increment has finite second moment. Consider the quadratic term,

Hy(s + x) + Hy(s)
Adl(5+x¢Ab,a(8),"$|’2<b) Hy(5)
2m—+d

/
C .
< SEIXIE Y IlBPEs : X v, > afajh — sTvy))
=1

E [wTUAHb(S +U'Uz)z] P (X € dxz)| (47)

+ P35 : XTvj > ala;b— sTv)))
Hy(s +x) + H,
<[ 1+ A (9) ol <oy DT
R

(8) oy ,
Hy(s) E|z" Agp(z,U,U")z| P(X € da)

2m-+d
d .
= (S EIXIZ 32 llogl + (1) x P XTv; > alagh — s"v;)
j=1

where the first step is thanks to the analysis results of (40) and (41) and the last step is thanks to
the uniform convergence of A (z,u,u’) and dominated convergence theorem.

Case: 1 <« <2. The increment has infinite second moment. Note that for s € R
/ I(s+x¢ Apa(s),|z)|2 <b)xlzde = OB*).
Rd

Given the choice of ¢y as in (24), the first term in the second step of (47) is

12 2m+d
c ‘
- Z ||v;||3P (35 : XTv; > alab— sij)) /d I(s+x¢ Apa(s),||z]|2 <b)alzde
j=1 R

=o(1)P(3j : XTw; > ala;b— sTv;)).
In addition, given the convergence rate of Ay, the second term in (47) is

Hb(S + SC) + Hb(s

) ,
Hy(s) E 2" Ay p(x, U, U")a| P(X € da)

/Rdl(s—i—x ¢ Aya (), llallz < b)
=0
Given that ¢y > b3 and b is large enough, (47) is bounded by
eP(3j : XTw; > a(ajb — sTvy)),
for all &« > 1. Therefore, for all a > 1, (47) is bounded by
26eP(35 : XTv; > a(ajb — sTvy)),

Summary. We summarize the analysis of the linear and quadratic term by inserting bounds in
(39), (47), and expansions (32) (34) into (31) and obtain that for r,(s) < —d2b and s ¢ bI'

B0 -ns) = [ gb;;f)us T ¢ Ava(s) P X € da)

P35 : XTv; > a(ajb — sTvy))
Hy(s) '
We conclude the proof of the lemma by choosing a sufficiently close to 1 and b sufficiently large. m
The subsequent lemmas provide convenient bounds for py (s), Ji and Js.

<1—(2a** +o(1) + 2¢)
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Lemma 6 For each € > 0 and any given selection of ¢y (feeding into cy), do,7y,d2 > 0 there exists
bo > 0 such that if b > by, 1y (s) < —0d2b, and s ¢ bI' then

i)
po(s) <e
i1) H()
plS
1< o (5) <1l+e.

Proof. Note that if r; (s) = max?ffrd[sij — a;b] < —db and there exists j such that XTv; >

a(ajb — sTv;), we must also have that there exists j such that
XTv; > a(ajb — sTvj) > adab.

On the other hand, s ¢ bI'UbA then ||s||, = O (b), together with ¢y = o(b), there there is a constant
¢ (depending on 3 and «) such that

o0
Hy(s) 2 Elef (s + X0 = [ Plav(s+X) > s
0
> / P(ry(s+X)>t—colog(2m +d)) dt
0
- / P (35 : XTvj > a(ajb— sTvj) +t — colog(2m + d)) dt
0

2/ P(3j: XTvj > cb+1t)dt
0

b/ P (3j: X"v; > cb+ub) du
0

> §'bP (3 : X v; > (c+ 1)b).
for some ¢ > 0 small. Therefore,

6P (35 : XTv; > adrb
m(s) < 5 (._ _— 2b)
§'bP (3j : XTv; > (c+1)b)

= 0 (1/b)

as b — oo; this bound immediately yields i). Part ii) is straightforward from the estimates in (22),
(26), and eventually (27). =

Lemma 7 For any € > 0, we can choose b sufficiently large so that on the set ry(s) < —d2b,

P(3j: XTv; > a(ajb— sTv;))
c10Hy(s) ’

J1<(1+¢)

Proof. Choose b large enough such that g5(s) < 1 whenever 7,(s) < —d2b. With py(s) defined
as in (12) and the fact that gy(s + X) < 1, it follows easily that

P (3j: X7 > a(azh — s7v;))’
c1Hp(s)2 (py (s) + (1 —po (5)) P (35 : XTvj > alajb — sTvy)))
P (3 : X"v; > a(ajb— 5"v;))’
= c1Hy(s)?py ()
- P (3 : XTv; > alab — sTv)))
= (1+e) c10Hy(s) .

J1 <
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The last step uses the approximation (27) and the definition of py(s) in (12). =
We summarize our verification of the validity of gy(s) in the next result.

Proposition 2 Given €,d2 > 0, let a be as chosen in Lemma 5. We choose 0 = 1/(1 + ¢)? and
c1 = (1+¢)® (1 +4¢) such that on the set ry(s) < —d2b and s ¢ bI' we have

Ji1+ Jo < 1.
Proof. Combining our bounds for py (s), J1 and Jy given in Lemmas 5, 6, and 7, we obtain

J1+ J2
P (35 : XTv; > a(ajb— sTvj))

<1+4+pp(s)+epy(s)+ (1+¢)

c10Hy(s)
- 2P (Elj : Xij > a(ajb — sij)) (1—3¢/2)
Hy (s)
P (3j: XTv; > a(a;b— sTvj)) o 1te
<1 o(1 0
=i Hy (s) (( v 019)
P (3j: XTv; > a(ajb— sTv;))
-9 1—-3¢/2).
Hy (s) ( 2
We arrive at
J1+ Jo
P(3j: XTv; > a(ajb— sTvj)) o 1te
-1 o(1 —2(1-3¢/2) ).
<1+ 1, (5) (o0 +et4 S - 200 -2e12)

We then select § = 1/(14¢)? and ¢; = (1 +¢)” (1 + 4¢) and conclude that J; + Jo < 1 as required
forife € (0,1/2). m

3.3 Proofs of Theorem 1 and Proposition 1

We now are ready to provide the proof of Proposition 1. As noted earlier, Theorem 1 follows
immediately as a consequence of Proposition 1, combined with Lemma 1.
Proof of Proposition 1. For each A € (—o0,00), define 7 (A) = inf{n > 0 : 7, (S,) > A}
Proposition 2 together with Lemma 3 implies
7’(—521))—1
95 (5) > B | gv (Sr(—sa1)) H k (S, Sj41) I (1 (—02b) < Tyr)
§=0

Given ¢ > 0, there exists k € (0,00) such that 7, (s) > & implies g (s) = 1. So, we have that

T7(—d20)—1
95 (5) > Eg | gb (Sr(—s,)) H k(Sj,Sj41) I (T (—d2b) < Tir) (48)
=0
T(—02b)—1
> Fy H k (Sj, Sj+1) I (T (—52()) < Tyr,7p (ST(_52b)) > H)
=0

We prove the theorem in two steps. The first step is to show that B (1) is a good approximation,
in total variation, to Py(+|7 (=d2b) < Tyr, 15(Sr(—s550)) > k). In step 2, we show that Fy(-|7 (—d2b) <
Tor, 7o (Sr(—dgb)) > k) approximates Py(-|Tpa < Tpr) well.
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Step 1. Applying Lemma 2, Lemma 3, and a similar argument to the one below Lemma 2, it is
sufficient to show that for any € > 0 we can pick ds, v, 0, a, ¢1 such that for all b large enough

95(0) < (1 + &) P5 (1(—02b) < Tor, 1y(Sr(—s01)) = K)-

First note that
Py (T (—62[)) < OO) > Hb(O)

Therefore,
P() (7’ (—(52[)) < 00, 7“1,(57.(_521))) > H)

= Py (1 (—d2b) < 00) x Py (rb(ST(_(ng)) > k|7 (—d2b) < 00)
> Hb(O) x Py (’I”b (ST(,§2b)) > KJ‘T (—(52[)) < OO) .

Then, given ¢; = (1 +¢), we show that one can pick d3 > 0 small enough, depending on £ > 0, such
that for b sufficiently large

Po (15(Sr(—s,)) = KT (—02b) < 00) > 1/(1 +¢). (49)
In order to do this we will use results from one dimensional regularly varying random walks. Define
7i (—02b) = inf{n >0 : v!'S, — a;b > —d2b}
fori=1,...,2m + d and let
I={1<i<2m+d:limy_ 0P (Tpa < ) /P (7;(0) < 00) < 00}
Observe that
2m4-d

max P (7;(0) < 00) < P (Tpa < o0) < (2m—|—d) malx P(’Tl(O) < 00),

=1

so the set Z contains the half-spaces that have substantial probability of being reached given that
Tya < 0co. We have that

Py (1 (S7(=sy0)) < K, T (—02b) < 00)
Py(r (—(52()) < )
TPy ( (Sr(—s,p)) < oy Ti(—02b) = 7 (=02b) , T (—d2b) < 0)
- Z Py(1 (—d2b) < o)

< 2m+d Py (Tb (Sri(fégb)) <K, T; (—(Sgb) < OO)
- Py (7 (—02b) < 00)

=1
v ST 52(,) a;b < K, T; (—d2b) < oo)
< i +o0(1). 50
I EwEE o o0

Now, i € Z implies that v] X is regularly varying with index o and therefore (see [3]) there exists
a constant ¢, > 0 (independent of d2) such that for all b large enough

1

vS i — 02)b > 209b|7; (—d2b) < 0) > ——m————
( i(—02b) — ( 2) 2| ( 2) ) (1+20;(52)a_1
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Consequently,

Py (Uz‘TSn(fégb) —a;b < K, T (—(521)) < OO)
Po(T (—52[)) < OO)

Py (7'7; (—52b) < OO)

Py (1 (—d2b) < 00)

<(1-(1+268) 77 (51)

Bound of (51) together with (50) implies that one can select d2 small enough and b large enough
to satisfy (49) and thus

Py (7’ (—52b) < OO,Tb(ST(_52b)) > Ii) > (1 — €)Hb(0).
Furthermore, one can choose v large enough so that
Po (7 (=02b) < Tor, 76(Sr(—sy5)) > £) > (1 — ) Hy(0).
Thanks to Lemma 2, we obtain that
Ty P )130(3) — Py(BI7(—63b) < Tyr, m(Sr (o) = K)| < e. (52)
This completes step 1.

Step 2. With an analogous development for (49), we can establish that with d2 chosen small
enough and ~ large enough

Hb_m Slllap ’P() (B‘T (—52[)) < Tbl") - PO (B‘T (—52[)) < Tbl"a""b (ST(—525)) > I€)| <e. (53)

In addition, {Tp4 < Tpr} C {7 (—0d2b) < Tpr}. Using the same type of reasoning leading to (51) we
have that for any € > 0, d2 can be chosen so that

1
Po(Tya < Tyr) > T €PO(T(_52b) < Tyr)

for b and ~ large enough. Therefore, we have

Limp 00 Slj;p |Po (B|7(—02b) < Tyr) — Po(B|Tpa < Tyr)| < e. (54)

Combining (53) and (54), we obtain that with + large enough

mbﬁm Slép ‘PO (B|T (—(52()) < Tbl"yrb (Sr(fégb)) > /i) — Po(B|TbA < pr)‘ <e. (55)

Then, we put together (52), (55) and conclude that

Hb_,oo sup ’Po(B) - B (B‘TbA < pr)’ < 2e.
B
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4 A Conditional Central Limit Theorem

The goal of this section is to provide a proof of Theorem 2. The proof will follow as an easy
corollary to the following proposition. First write for any ¢ > 0

Ka(t) = M<{Z/ : %fllj? (y"vj —a;) > t})v (56)

where a = (ay, ..., a2m+q)-
Proposition 3 For each z > 0 let Y (2) be a random variable with distribution given by
w (B N{y: max?;”frd[yij —aj] > z})
i ({y - matt yTo; — o)) > 2})
In addition, let Z be a positive random variable following distribution

P(Z>1) :exp{— Ot Mds}.

Let Sy =0 and S, evolve according to the transition kernel (10) associated with the approzimation
in Proposition 1. Define Ty4 = inf{n : S, € bA}. Then, as b — oo, we have that

Tya SuTbA —udpan XTM
b T b

P(Y(z)€B) =

) = (Z,0B (uZ),Y (2))

in R x D[0,1) x R, where COT = Var(X), B(-) is a d-dimensional Brownian motion with identity
covariance matriz, B(-) is independent of Z and Y (Z).

The strategy to prove Proposition 3 is to create a coupling of two processes S and S in the
same probability space with measure P. For simplicity we shall assume that Sy = Sy = 0. The
process S = {S,, : n > 0} follows its original law, that is, S,, = X1 + ... + X,, where X;’s are i.i.d..
The process S evolves according to the transition kernel

P(§n+1 S dsn+1|§n =5p) = K(sm dSn+1)

obtained in Theorem 1. Now we explain how the process S and S are coupled. A transition at time
J, given Sj_l = 5,_1, is constructed as follows. First, we construct a Bernoulli random variable I;
with success parameter py, (5;—1). If I; = 1 then we consider X (a generic random variable following
the nominal / original distribution) given that §; 1 + X € Ap4(5j_1) and let X; = X; otherwise
if I; = 0 we let Xj = X, that is, we let Xj be equal to the j-th increment of S. We then define
Ny = inf{n >1: I, = 1} and observe that S’j = S; for j < Np. The increments of processes S and
S at times j > Nj, are independent.

We will first show that N, = T4 with high probability as b 7 oo, once this result has been
shown the rest of the argument basically follows from functional central limit theorem for standard
random walk. We need to start by arguing that whenever a jump occurs (i.e. I, = 1) the walk
reaches the target set with high probability. This is the purpose of the following lemma.

Lemma 8 For every e, d2, 7 > 0 there exists a,by > 0 such
P(Tb(S+X) >0|S+X € Abﬂ(s)) >1—¢
for all my (s) < —d2b, s ¢ bI', and b > by.
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Proof. Set s = b-u € R% and note that

P <2m§)? ((s +X) vj - ajb) >0
7j=1

s+X €Ay, (s)>

=P(3j: XTv; > b(a, —uij)|Elj : XTw; > ab (aj —uTUj))
P(3j: XTv; >b(aj — ulvy))
P(3j: XTvj > ab(a; —ulv)))

For each fixed u we have that

lim P(3j: XTv; >b(aj — ulv))) oy 35y e > (a5 — ulv))}
booo P (371 XTvj >ab(a; —ulvy))  ply:37: yTv; > ala; — ulv))}

The convergence occurs uniformly over the set of u’s such that ry, (ub) /b < —d9 and u ¢ I", which
is a compact set. The result then follows by continuity of the radial component in the polar
representation of y (-) (Lemma 11) asa — 1. m

Now we prove that T, 4 = N occurs with high probability as b 7~ co.

Lemma 9 For any € > 0 we can select v > 0 sufficiently large so that
limy , Po(Np <o0) >1—e.
Proof. Define Tpr = inf{n : S, € bI'}. Choose &' positive and v large enough so that for all
t<(1—¢&)y/d
Py (N > tb) < P(Ny > tb, Tyr > tb) 4 o(1)

— By [k];Jt:b(l —po(S)): Tor > tb} +o(1)

< Bo| [T (1= po(SiDI(1ISk = nkll> < &' max{k,b})|
k<tb

+ Po( sup ‘||5”k —nklla — 5'max{k,b}‘ > 0> +o(1).
k<tb

In the last step, we drop the condition Ty > tb on the set {||Sk —nk||s < & max{k,b}}. The second
term in the last step vanishes as b — oo for any &’ > 0.
We claim that we can find constants ¢, ¢ > 0 such that for all 1 < k < b

5/
inf 5) > '
{stllnk—sll2<e’ max{k,b},sﬁr}pb( )z E+b

(57)

To see this, recall that if 4 (s) < —d2b then

0P (35 : XTv; > a(ajb— sTv;))
JoSP3): XTvj > ajb—sTvj+t)dt

p(s) =

2m

Now, if [|nk — s||2 < &’ max{k,b} then, letting Ay = maxj:f'd |[vjl|, we obtain, by the Cauchy-
Schwarz inequality

|sTn — kd| < d*/2e" max{k, b}, (58)
|sTv; — kn"v;| < A max{k, b}. (59)

25



Inequality (58) implies that
sTn < dV2' max{k,b} + kd < k('d"/? + d) + &'d"/?b.
We choose £'d'/? < ~/2. Then k < yb/2(¢'d'/? + d) implies sn < 4b. We shall select

1
2e'dl/? +d)’

/
CcC =

Inequality (59) implies that

0

35 Xy, . ’
py(s) > I J v; > a(ab+ k + \e’ max{k, b}))
0

P
P(3j: XTvj > a;b+k+t— X’ max{k,b})dt
- 0P (3 : XTvj > a((a; + A )b+ k(1 + X))

TS P (35 X vy > (a5 — A )b+ k(1 — Xe') +t) dt

- 0P (35 : XTv; > a((a; + A )b+ k(1 + X))

~ JSP(3): XTwy > (minjaj — A )b+ k(1 — Xe) +t) dt’

We introduce the change of variables ¢ = s[(minja; — Ae’)b + k(1 — A¢’)] for the integral in the
denominator and obtain that

/ P <3j : XTv; > (mina; — A )b+ k(1 — A + t> dt
0 j
= [(mina; — Ae")b + k(1 — )\5’)]/ P (Elj : XTy; > [(mina; — A )b+ k(1 — A\e)](1 + 5)> ds.
j 0 J
Notice that for b sufficiently large there exists ¢’ so that

/OO P <E|j : XTy; > [(mina; — A )b+ k(1 — Ae)](1 + s)) ds
0 j

<"0P (35 : XTv; > a((a; + A )b+ k(1 + X)) .
Therefore, we have
1
> .
Po(s) = ¢’ [(minj aj — Ae)b+ k(1 — Ae)]
The possibility of selecting ¢’ > 0 to satisfy (57) follows from the previous inequality.
Consequently, having (57) in hand, if ¢t < 'y

5 5 . . o'
Eo | TT (0= pe(Si)I(1ISk —nill2 < emax{j,b}) | <exp | = > b
k<tb 1<j<tb?
We then conclude that if
1
limy, , o Py (Np < 00) > limy,_,, Py (Np < db) > 1 — ———— +0(1) (60)
(dy+1)

and this implies the statement of the result. m

Lemma 10 For any € > 0 we can select a,v > 0 such that

limy, ,  Po (Tha = Np) > 1 —¢.
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Proof. Define
T (—02b) = inf{n > 0 : 14(Sy) > —da2b}.

Let ¢ be as chosen in the proof of Lemma 9. We then have

P[)(TbA = Nb,Nb < OO)

= 3 Py(Ny = k, WX [Sfv; — aib] = 0, Ty > k — 1)
j=1
k<c'~vb
> Z Po(Nb =k, %}g[ﬁg% — alb] >0, 7 (—52()) >k — 1)
k<c'~vb =1
>(1—¢e) > Po(Ny=k,7(=0b) >k —1).

k<c/~vb
In the last inequality we have used Lemma 8. Further,
> Po(Ny =k, 7(=02b) > k — 1) > Py(N, < b, 7 (—62b) > N} — 1)
k<c/~vb
> Py(Ny < b, 7 (—d2b) = 00)
> P (N < dyb) — Po(7 (—02b) < o0).

Since Py(7 (—d2b) < 00) — 0 as b — oo, for v sufficiently large, we conclude

limy , Py (Tpa = Np) > limy,_, Po(Tpa = Np, N < 00)

>
> (1= e)limy, oo P (N < b)) > (1 —¢)?,

where the last equality follows from (60) in the proof of Lemma 9. We conclude the proof. m
Proposition 3 will follow as an easy corollary to the next result

Proposition 4 By possibly enlarging the probability space, we have the following three coupling
results.

i) Let ka be as defined in (56). There exists a family of sets (By : b > 0) such that P (Bp) — 1
as b /oo and with the property that if t < o5

P(Ny>1th|S)=P(Zsp>t)(14+0(1))
as b — oo uniformly over S € By, where

t
P (Za,0 > t) = exp (_9 Haa(as) d8> ‘
0

[ Ka(u)du

ii) We can embed the random walk S = {Sy, : n > 0} and a uniform random variable U on (0, 1)
independent of S in a probability space such that Ny, = Ny, (S,U) (a function of S and U) and
Zapo = Zap (U) (a function of U) for all S € By such that

'Nbe) ~ Zus (U)’ 0 (61)

as b — oo for almost every U < P(Z,p < 35). Furthermore, one can construct a d-
dimensional Brownian motion B(t) so that

Sy =tn+CB (t) +e(t) (62)
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where CCT = Var (X) is the covariance matriz of an increment X and e (+) is a (random)
function such that
e (xt) |
t1/2

with probability one, uniformly on compact sets on x > 0 as t — co.

—0

i11) Finally, we can also embed a family of random variables {X (a,b,s)}, independent of S and
U, distributed as X conditioned on s + X € Ay, (s), coupled with a random variable Y (z)
(also independent of S and U) so that for each Borel set B

u (B Oy maxm Ty — ai) > 2})

P(Y(z)e B)=
B = ez, — a0 = )

)

and with the property

i X (a.b, nb(z +8) (z)' o
with probability 1 as long as & — 0.
Proof. We start with the proof of i). Note that
Po(Ny>th]S)= ] (1—p(5)),

0<k<[tb|—1
where, by convention, a product indexed by an empty subset is equal to unity. Now, let 0, = 1/logb,
Vk.5, = MAax (1/55, 5;,]{:) and
By ={S : ISk — knlly < .}

for k > 1 for all k£ < tb. It follows easily that P(By) — 1 as b — oco. Recall that if 7, (s) < —dab
and sTn < ~b

(s) 0P (35 : XTv; > a(ajb— sTv;))

8) = .

by JoSP(3j: XTvj > ajb— sTvj +t)dt

We will find upper and lower bounds on the numerator and denominator on the set By so that we
can use regular variation properties to our advantage. Suppose that Sy = s. Define A = max; |[vj]],
and observe that if ||s — k||, < g5, then for all 1 < j < 2m + d and all £ > 0 we have that

‘sij — k’?’]TUj‘ = ‘sij + k‘ < Mk,

In addition,
sTn < kd + d"/ 5, < b

ifk <tbandt < 2ld7 for all b large enough. Therefore, if Xij > a(ajb—sij) and [|s — knl|y < Vs,
XTv; > a(ajb— sTv;) = XTv; > aajb+ ak — My,
Consequently if ||s — knl|y < k.5,

P (35 : X"Tv; > alajb— s"v;)) < P (35 : X vj > aa;b+ ak — adye,) -
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Similarly,
P (3j: XTvj > alagb - sTv;)) > P (3 : XTvj > ajb+ ak + adyg, ) -

Following analogous steps we obtain that for ||s — knll, < k.4,
oo
up(s) < / P(3j: XTv; > ajb+k+t— My, ) dt,
0

and
oo
vy(s) > / P (3 : X0 > ajb+k+t+ Ayigs,) dt.
0

Our previous upper and lower bounds indicate that on ||.Sy — knlly < V.6,
o0
w(Se) = (14 0(1)) / P(35: XT0; > ajb+ k +1) dt
0

on the set By, uniformly as b — oo and then

P (Elj : Xij > aajb + ak:)
JoSP 3 Xy > ab+k+t)dt
P (3j: XTv; > aajb+ ak
01 1 0 (1)) AT X vy > aasb + ak)

oo P(3j: XTv; > ajb+ u) du

P (3j: XTv; > aa;b+ ak)

bfko/obp(ﬂj : XTUj > (ljb-i-tb) dt’

po(Sk) = 0(1 +0(1))

=0(1+0(1))

By definition of regular variation there exists a slowly varying function L (-) such that
P (35 XTv; — aab > z) = L(b) b “Kaa (2/b).
Therefore, by Karamata’s theorem (see [15]) we then have that if S € By and k < tb with t < ~/2d

Kaa (ak/b)

pu(Sk) =0(1 +o (U)W

as b — oo uniformly over S in By. Therefore,
RNy >th|S)= [ (Q-m(S))
0<j<[tb] -1

th] 1

e | - . Kaa (ak/b)
—ew | ~0+o0) 3 prE

uniformly as b ' oo over S € By, and

L) Kaa (ak/b) /t Kaa (0S) d

o s | oL a8
= bfk/bﬁa(t)dt 0 [ Ka(u)du

which implies that as long as t < 25

t
Py(Ny > tb|S) = P(Z,9 >t) =exp <—9 st).
’ 0 fs Ka(u)du
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Part ii) is straightforward from i) by Skorokhod embedding for random walks as follows. First,
construct a probability space in which the random walk S’ is strongly approximated by a Brownian
motion as in (62) and include a uniform random variable U independent of S. Construct Ny/b
applying the generalized inverse cumulative distribution function of Nj/b given S to U. Then,
apply the same uniform U to generate Z,y by inversion. Because of our estimates in part i) we
have that (61) holds as long as U < P(Z, ¢ < 55). Part iii) follows using a similar argument. m

Now we are ready to provide the proof of Proposition 3.

Proof of Proposition 3. According to Proposition 1, the distribution of S approximates the
conditional random walk up to time T4 — 1 in total variation. By virtue of Lemmas 9 and 10, we
can replace (Tp4, XT,,) by (IVs, X N,)- Then, it suffices to show weak convergence of

% Sun, — ulNpn XNb
b’ VN, b ’

given that # and a can be chosen arbitrarily close to 1. By using the embedding in Proposition 4
we consider S € By, so that on U < P(Z,9 < v/2)

& SuNb - Uan XNb
b’ VN, b
CB (ubZaﬁ + ub&p) + e (ulNy)

RV bZa,O + gb

where &, xp — 0 as b — oo and sup,,¢p 1) [e(uNo) /v No| — 0 as N, — oo. Also, note that as b — oo
we choose a and 6 close 1 and « sufficiently large. From Lemmas 9 and 10, we must verify that for
each 2 >0

= (Zaﬁ + gba 7Ya (Za,9 + gb) + Xb> )

B (ubz + ub&p) — B (ubz)

bi2 —0

sup
0<u<1

Given z > 0 select b large enough so that & < e for each S € By. Then, it suffices to bound the

quantity

B (ubz) — B (sbz)
pl/2

sup
u,s€(0,1):|lu—s|<e

However, by the invariance principle, the previous quantity equals in distribution to

2 sup B (u) = B (s)]

u,s€(0,1):|u—s|<e

z

which is precisely the modulus of continuity of Brownian motion evaluated ¢, which (by continuity
of Brownian motion) goes to zero almost surely as e — 0. From Proposition 4, we have that
Zap — Z as a,0 — 1, where Z is defined as in the statement of the proposition. Since v can be
chosen arbitrarily large as b — oo, we complete the proof. m

Finally we give the proof of Theorem 2.
Proof of Theorem 2. It suffices to exhibit a coupling under which

(Z,CB (uZ),Y (2)) — (2*,CB (uZ*),Y* (Z*)) — 0

almost surely as 8,7 — oo and § — 0, but this is immediate from continuity of the Brownian
motion and of the radial component of the measure 4 (-) (Lemmas 11 and 12). m
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5 Appendix: Some Properties of Regularly Varying Distributions

In this appendix we summarize some important properties of the regularly varying distribution
of X, which satisfies the assumptions stated in Section 2.1. We are mostly concerned with some
continuity properties of the limiting measure p (-) (defined in equation (1)).

First we recall that in polar coordinates, u (-) can be represented as a product measure corre-
sponding to the angular component and the radial component. The angular component, which we
shall denote by @ (dy), corresponds to a probability measure on the (d — 1)-dimensional sphere in
R¢. The radial component, which we denote by ¥ (dr), is a measure that is absolutely continuous
with respect to the Lebesgue measure. Moreover, ¥ (dr) = cr~*~ldr for some constant ¢ > 0.

We then obtain the following lemma.

Lemma 11 Let I' = {y : 07y > ~} and Ry = {y : max2m+d (y v; —az) < =9} for v > 0
large but fixred and d2 > 0 small. Let K = I'“U Ry and deﬁne k(:) for each t > 0, z € K and

a' = (al, ..., a5, . 4) in a small neighborhood of a = (ay, ..., azm+q) via

Kar (t,2) = ({y 21}1”;)? (y vj + 2T vj — '~) > t}) :
Jj=

Then,
A\
Ka (t,2) = / © e (COS(W>  (d). (63)
S

Lo j=1 \ —zTv+a;+t

Proof. The result follows immediately form the representation of u(-) in polar coordinates.
We shall sketch the details. For each j, let H; (a;,t) = {y : yTvj + 2Tvj; —a; >t} and note that in
polar coordinates we can represent H; (a;,t) as

{(0,7) :r >0 and r||vj|[, cos (8,v;) > —2Tv +a; +t}.

Note that —zTv + aj+t>0forallt>0,je€{l,..,2m+d} and z € K. Therefore,

<{y Tk (y7; + 2Tv) — aj) >t}>

/S / “ (> min{(—2To + a; + )/ cos (6,0;)" ) dr® (d9)

A\
:/ ampd [cos 007 g gp)
S, @ J=1 \ —z'v+a;+t

The result follows immediately applying the dominated convergence theorem and the continuity of

max?mfrd (cos (0, vi)t /(=2Tv+a; + t))a as a function of z, t and a. m

Lemma 12 Assume that K = I'“ U Ry is defined as in the previous lemma and note that K is a
non-empty compact set. Suppose that z € K, define s = zb and write

v (20) = / P (21?11%? (vlTX + 2T b — a;b) > t) dt,
0 i=

2m—+d
Ka(t,z) =p ({y : I;ranafc (yTUj + 2T — a;) > t}) :
J:
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Then,

. (% (Zb)
lim sup L
b—oo zeK bP(HXH2 > b) fo Ra (tu Z) dt

—1'—>O
as b — oo.

Proof. We first write

v (20) = b/ P (%I%Xd (UZ-TX + bzl v — a;b) > ub) du,
0 =

and define

Ly (u,z) =P (21?11%}? (viTX + bzTw; — a;b) > ub) .

—

Set € € (0,02) arbitrarily small but fixed and let M = max;<om+4 ||vi||2 < 0. Define ¢’ = ¢/M and
consider an open cover of the set K by balls with radius ¢’ centered at points Cor = {wy, ..., wp } C
K. We then have that for every z € K there exists wy := wy (2) € Cos such that ||z — wy||, < €.
Note that for each z € K

Ly (u+e,wi) < Ly (u,2) < Ly (u—e,wy).

Consequently,
/ Ly (u+e,wg)du < vp(2b) < / Ly (u— e, wy) du.
0 0

Now we claim that

i I~ Ly (u+ e, wi) du .
b3 P (|[X ||y > ) Jo° ra (t+ 2 wp)di

The previous limit follows from dominated convergence as follows. First we have that

ﬁb (u + €,wk)

o~ — Ka (U + &, wg)
bP ([[ X[ > )

for every u fixed by the definition regular variation. Then, if u € (0,C) for any C' > 0 we conclude

that
,Cb (u—i—a,wk) /-:b (O,wk)

bP ([[X]ly > b) = bP ([|X]]y > b)

as b — oo and therefore by the bounded convergence theorem, we conclude that

~0(1)

c
L d ¢
Jo Lo (u+ e, w) u:/ oo (¢4 £, w00) di.
0

y
bose P (|[X]|I, > b)

On the set u > C we have that if ¢; , = a; + ‘wgviL then

2m—+d
Ly(ute,wy) < D PIXlJvilly > (u+e)b—cipb) .
i=1
By Karamata’s theorem for one dimensional regularly varying random variables it follows that if
a > 1, then for €' > max; j ¢; ;. the functions

P([1X]lg [[villy > (- +€) b = cixb)
bP (][ X]ly > b)
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are uniformly integrable with respect to the Lebesgue measure on [C, 00) and therefore we conclude

that ~
lim fC’ Ly (u+e,wg)du :/Oo
b—oo  OP (|| X]||y > b) c

and therefore the limit (64) holds. Thus, we have that

Ra (t + g, ’Ujk) dt

1o Ly (u+ e, wy) du '

bP (|| X]|y > b) [;° Ka (t,2)dt

IS ka(t+e,2)dt
fooo Ka (t,2) dt

{z€llz—wgl[;<e"}

= sup
{z€llz—wi|lp<e'}

- 1‘ +o(1)
as b — 0o. Observe from representation (63) and Assumption 2 in Section 2.1 we have that

Ka (t,2) > p <{y : %{ﬁy% > 52}> > 0.
‘]:

Moreover, it also follows as an easy application of the dominated convergence theorem and our
representation in (63) that

Jo" ka(t+e,2)dt
Iy~ ka (t,2) dt

lim sup
e0 {z€|z—wg|l,<e'}

1‘:0.

We then conclude that

limy, 0 sUP ’ Jo™ £o (1, 2) du — 1’

2ek |bP (]| X|]|5 > b) fooo Ka (t,z)dt

fooo ﬁb (u + &, wk) du

bP (| X|ly > b) [§ ka (t,2)dt ‘
I~ Ly (u+ e, wi) du — [;° Ly (u— €, wy) du

bP (|| X1y > b) [;° Ka (t,2)dt

Jo~ Ka (t+e,wy) dt — [ ka (t — €, wy) dt'
fooo Ka (t,2) dt '

< max limy_, o sup
F {z€lle—wyl,<e’}

+ max limp_, o sup
k {z€]|z—wp|,<e'}

fooo Ka (t + €, wy) dt
Iy ka (t,2)dt

< max

—1‘ + max
k

Once again use the representation in Lemma 11 and the dominated convergence theorem to conclude
that the right hand side of the previous inequality can be made arbitrarily small as € — 0, thereby
concluding our result. m
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