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Outline

 Financial time series modeling
• General comments
• Characteristics of financial time series
• Examples (exchange rate, Amazon)
• Multiplicative models for log-returns (GARCH, SV) 

 Regular variation
• univariate case
• multivariate case

 Applications of regular variation
• Stochastic recurrence equations (GARCH)
• Stochastic volatility
• Point process convergence
• Extremes and extremal index
• Limit behavior of sample correlations
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Outline

 The Extremogram
• Examples
• Sufficient conditions for existence: regular variation
• Illustrations (permutation procedures)
• Connections with Return Times of Rare Events
• Cross‐extremogram (devolatilizing/deGARCHing)
• Bootstrapping the Extremogram
• Theory & examples
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Financial Time Series Modeling

One possible goal: Develop models that capture essential features 
of financial data. 

Strategy: Formulate families of models that at least exhibit these 
key characteristics. (e.g., GARCH and SV)

Linkage with goal: Do fitted models actually capture the desired 
characteristics of the real data?

Answer wrt to GARCH and SV models: Yes and no.  Answer may 
depend on the features.  

Stǎricǎ’s paper: “Is GARCH(1,1) Model as Good a Model as the 
Nobel Accolades Would Imply?”

This paper discusses inadequacy of GARCH(1,1) model as a “data 
generating process” for the data.



Extremes and Time Series Modeling

Two strategies for thinking about modeling extremes in time series:

1. Fit a model to the entire data set (e.g., GARCH and SV for financial 

time series) and study the extreme value behavior associated with the 

fitted model as truth.

2. Construct and fit models only to the extremes (e.g., observations 

exceeding a large threshold).

Do fitted models actually capture the desired (extremal) characteristics of 

the data? 

• How do we assess “fitted” (expected) with “observed”?

• Need a mechanism for measuring extremal dependence.

The extremogram was developed with these ideas in mind. Ultimately, we 

might judge goodness of fit by examining how well the “sample” 

extremogram matches up with the “population” extremogram.

5
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Characteristics of financial time series

Define Xt = ln (Pt) - ln (Pt-1)   (log returns)

• heavy tailed

P(|X1| > x) ~ RV(-),     

• uncorrelated

near 0 for all lags h > 0

• |Xt| and Xt
2 have slowly decaying autocorrelations

converge to 0 slowly as h increases.

• process exhibits ‘volatility clustering’.

)(ˆ hX

  )(ˆ  and  )(ˆ 2|| hh
XX 
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(b) ACF of IBM (2nd half)

Sample ACF IBM (a) 1962-1981, (b) 1982-2000

Remark: Both halves look like white noise.
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(b) ACF, Squares of IBM (2nd half)

ACF of squares for IBM (a) 1961-1981, (b) 1982-2000

Remark: Series are not independent white noise?  
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Remark: For IID data, Mt(k)/St(k)  0 as t   iff E|X,|k < , where
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Plot of Mt(k)/St(k) for IBM, k=4, 3, 2

Remark: For IID data, Mt(k)/St(k)  0 as t   iff E|X,|k < , where
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Hill’s estimator of tail index
The marginal distribution F for heavy-tailed data is often modeled using
Pareto-like tails,

1-F(x) = x-L(x),

for x large, where L(x) is a slowly varying function (L(xt)/ L(x)1, as x
). Now if

X~ F, then P(log X > x) = P(X > exp(x))=exp(-x)L(exp(x)), 

and hence log X has an approximate exponential distribution for large x. 
The spacings,

log( X(j))  log(X(j+1)) , j=1,2,. . . ,m,

from a sample of size n from an exponential distr are approximately 
independent and Exp(j) distributed.  This suggests estimating  by
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Hill’s estimator of tail index

Def: The Hill estimate of  for heavy-tailed data with distribution given 
by

1-F(x) = x-L(x),

is
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The asymptotic variance of this estimate for  is 

and estimated by

(See also GPD=generalized Pareto distribution.)

m/2 ./ˆ 2 m
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Example: S&P 500  
Hill’s estimate of alpha (Hill Horror plots-Resnick)
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(Oct 1, 1981 – Jun 28, 1985; Koopman website)
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Example: Pound-Dollar Exchange Rates  
Hill’s estimate of alpha (Hill Horror plots-Resnick)
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Multiplicative models for log(returns)

Basic model

Xt = ln (Pt) - ln (Pt-1)   (log returns)
= t Zt ,

where
• {Zt} is IID with mean 0, variance 1 (if exists). (e.g. N(0,1) or

a t-distribution with  df.)

• {t} is the volatility process

• t and Zt are independent.

Properties:  

• EXt = 0, Cov(Xt, Xt+h) = 0, h>0 (uncorrelated if Var(Xt) < )
• conditional heteroscedastic (condition on t).
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Multiplicative models for log(returns)-cont

Xt = t Zt (observation eqn in state-space formulation)

Two classes of models for volatility:

(i) GARCH(p,q) process (General AutoRegressive Conditional
Heteroscedastic-observation-driven specification)

Special case: ARCH(1):

(stochastic recurrence eqn)
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Multiplicative models for log(returns)-cont

Xt = t Zt (observation eqn in state-space formulation)

Two classes of models for volatility:

(i) GARCH(p,q) process (General AutoRegressive Conditional
Heteroscedastic-observation-driven specification)

Special case: ARCH(1):

(stochastic recurrence eqn)
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Multiplicative models for log(returns)-cont

GARCH(2,1):

Then                      follows the SRE given by

.   XX   ,ZX 2
1-t1

2
2-t2

2
1-t10

2
tttt 

)'X ,( 2
1-t

2
tt Y

























 








 
0X0Z

Z
X

0
2

2-t

2
1-t

2
1-t

21
2

1-t1
2

1-t

2
t

Questions:
• Existence of a unique stationary solution to the SRE?
• Regular variation of the joint distributions?
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Multiplicative models for log(returns)-cont

Xt = t Zt (observation eqn in state-space formulation)

(ii) stochastic volatility process (parameter-driven specification)
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Stǎricǎ Plots for Pound-Dollar Exchange Rates 

15 realizations from GARCH model fitted to exchange rates + 
exchange rate data.  Which one is the real data?
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Stǎricǎ Plots for Pound-Dollar Exchange Rates

ACF of the squares from the 15 realizations from the GARCH 
model on previous slide.
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Example: Amazon (May 16, 1997 – June 16, 2004)
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Example: Amazon-returns (May 16, 1997 – June 16, 2004)
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Example: Amazon-returns
Hill’s estimate of alpha (Hill Horror plots-Resnick)
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Stǎricǎ Plots for the Amazon Data

15 realizations from GARCH model fitted to Amazon + Amazon 
log-return data.  Which one is the real data?
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Stǎricǎ Plots for Amazon

ACF of the squares from the 15 realizations from the GARCH 
model on previous slide.
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Heavy Tails in Insurance

Danish fire insurance
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Heavy Tails in Insurance

Danish fire insurance

Histogram                                     Empirical mean excess function
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Heavy-Tailed Distributions

Subexponential distributions:  A positive rv ܺ and its distribution ܨ is 
said to be subexponential, if for iid copies of ܺ and for any ݊ ൒ 2,

as ݔ → ∞,	where ܵ௡ ൌ ଵܺ ൅ ⋯൅ ܺ௡	and ܯ௡ ൌ maxሼ ଵܺ, … , ܺ௡ሽ.

Properties:

• Subexp distrs do not have moment generating functions.

• Examples include, log-normal, heavy-tailed Weibul, ܨ ݔ ൌ
1 െ ݁ି௫ഓ, ݔ ൐ 0,	for ߬ ∈ 0,1 ,	and pareto distributions.

• Non-examples include: exponential, gamma, normal, finite 
support distrs.

ܲሺܵ௡ ൐ ሻݔ
ܲሺܯ௡ ൐ 	~ሻݔ

ܲሺܵ௡ ൐ ሻݔ
݊ܲሺܺ ൐ ሻݔ → 1
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Heavy-Tailed Distributions

Application to insurance:  Suppose claim amounts ௜ܺ are iid with a 
subexponential distribution and claims occur according to a counting 
process ܰሺݐሻ, indep of the claim amounts.  Then

ܲሺܵே ௧ ൐ ሻݔ ൌ ෍݌௡ܲ ܵ௡ ൐ ݔ
ஶ

௡ୀଵ

,

where ௡݌ ൌ ܲ ܰ ݐ ൌ ݊ .	 From the subexponentiality, we have

• ௉ ௌ೙வ௫
ிത ௫

൑ ܭ 1 ൅ ߳ ௡

• If ܰሺݐሻ has a moment generation function in ngbhd of 0, ݁ܧ௛ே ௧ ൏
∞, then

ܲሺܵே ௧ ൐ ሻݔ
തܨ ݔ

ൌ ෍݌௡
ܲሺܵ௡ ൐ ሻݔ
തܨ ݔ

ஶ

௡ୀଵ

~෍݊݌௡

ஶ

௡ୀଵ

ൌ ܰܧ ݐ .

So the total claim amount of a portfolio at a high threshold satisfies
ܲ ܵே ௧ ൐ ݔ തܨሻݐሺܰܧ~ ݔ
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Regularly Varying Distributions

Regularly varying random variable:  A positive rv ܺ	is RV if

തܨ ݔ ൌ ܲ ܺ ൐ ݔ ൌ ܮ ݔ 	,ఈିݔ

where ܮ ݔ is a slowly varying function at ∞, i.e.,

ሻݔݐሺܮ
ሻݐሺܮ → 1, ݐ	ݏܽ → ∞.

Properties of RV random variables:

• Subexponential (Feller, 1971)

• Examples include Pareto, log-gamma, non-normal stable 

distributions, Cauchy, student t, Fréchet.
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Regularly Varying Distributions

Properties of RV random variables (cont):

Moments.  ܧ ܺ ௣ ൏ ∞ሺൌ ∞ሻ if ݌ ൏ 	ߙ ݌ ൐ ߙ . ܧ ܺ ఈ could be finite or 

infinite depending on the slowly varying function .ܮ

Maxima.  Choose ܽ௡ ൌ ଵሺ1ିܨ െ ଵ
௡
ሻ so that ݊ܨത ܽ௡ → 1, and

തܨ݊ ܽ௡ݔ ~
തܨ ܽ௡ݔ
തܨ ܽ௡

→ ,ఈିݔ ݊	ݏܽ → ∞.

Setting ܯ௡ ൌ max ଵܺ, … , ܺ௡ ,	we have

ܲ ܽ௡ିଵܯ௡ ൑ ݔ ൌ ௡ܨ ܽ௡ݔ ൌ 1 െ
തܨ݊ ܽ௡ݔ

݊

௡

→ exp െିݔఈ .

The limit is called the Fréchet distribution. 
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Partial sums. 

ܽ௡ିଵ ܵ௡ െ ܾ௡
ௗ
→ܵఈ, ߙ ∈ 0,2 ,

where ܵఈ has a stable distribution with index .ߙ ߙ) ൌ ,݈ܽ݉ݎ݋݊	ݏ݅	2 ߙ ൌ

.ሻݕ݄ܿݑܽܥ	ݏ݅	1

Joint convergence.

ܽ௡ିଵሺܯ௡, ܵ௡ െ ܾ௡ሻ
ௗ
→ ,ఈܯ ܵఈ

where ఈܯ and ܵఈ have Frechet and stable distributions, respectively.

Self-normalized convergence.

(ܵ௡ െ ܾ௡ሻ/ܯ௡
ௗ
→ܵఈ/ܯఈ
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RV equivalences: ܺ ൐ 0 is RV iff for all x > 0,

ܲሺܺ ൐ ሻݔݐ
ܲሺܺ ൐ ሻݐ → ݐ	ݏܽ	ఈିݔ → ∞.

Sequential definition. Replace ݐ with ܽ௡, where ܲ ܺ ൐ ܽ௡ ~ ଵ
௡
, then ܺ ൐

0	is RV iff

݊ܲ ܽ௡ିଵܺ ൐ ݔ → ݊	ݏܽ		ఈିݔ → ∞.

Vague convergence. ܺ ൐ 0	is RV iff

݊ܲ ܽ௡ିଵܺ ∈⋅
௩
ߤ→ ⋅ ሺ0,∞ሿ	݊݋			

where 
௩
→ denotes vague convergence, i.e.,

݊ܲ ܽ௡ିଵܺ ∈ ܣ → ߤ ܣ

for every Borel set ܣ bounded away from 0 with ߤ ܣ߲ ൌ 0.
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Vague convergence. ܺ ൐ 0	is RV iff

݊ܲ ܽ௡ିଵܺ ∈⋅
௩
ߤ→ ⋅ ሺ0,∞ሿ	݊݋			

The measure ߤ satisfies the homogeneity property

ߤ ܣݐ ൌ ߤఈିݐ ܣ ,

since

ߤ ܣݐ ൌ lim
௡→ஶ

ܲ ܽ௡ିଵܺ ∈ ܣݐ
ܲሺܺ ൐ ௡ሻܽݐ

ܲ ܺ ൐ ௡ܽݐ
ܲሺܺ ൐ ܽ௡ሻ

ൌ ߤ ܣ ఈିݐ

Remark:  The vague convergence equivalency allows one to easily 

extend to all of Թ and to the multivariate case Թௗ.
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Extension to Թഥ ∖ ሼ0ሽ: A rv ܺ is RV iff ܺ is RV, i.e., 

ܲሺ|ܺ| ൐ ሻݔݐ
ܲሺ|ܺ| ൐ ሻݐ → ݐ	ݏܽ	ఈିݔ → ∞

and the tail balancing condition (TBD) is met,

ܲሺܺ ൐ ሻݐ
ܲሺ|ܺ| ൐ ሻݐ → 		݀݊ܽ			݌

ܲሺܺ ൑ ሻݐ
ܲሺ|ܺ| ൐ ሻݐ → ݐ	ݏܽ		ݍ → ∞,

where ,݌ ݍ ൒ ݌	݄ݐ݅ݓ,0 ൅ ݍ ൌ 1.

Sequential definition. Replace ݐ with ܽ௡, where ܲ |ܺ| ൐ ܽ௡ ~ ଵ
௡
, then 

ܺ	is RV iff

݊ܲ ܽ௡ିଵ|ܺ| ൐ ݔ → ݊	ݏܽ		ఈିݔ → ∞

and the TBD is met, i.e.,

݊ܲ ܽ௡ିଵܺ ൐ ݔ → ఈିݔ݌ ܽ݊݀ ݊ܲ ܽ௡ିଵܺ ൑ െݔ → ሻିఈݔሺെݍ
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Vague convergence: A rv ܺ is RV iff

ܲሺܺ ∈ ݐ ⋅ሻ
ܲሺ|ܺ| ൐ ሻݐ → ߤ ⋅ ݐ	ݏܽ			 → ∞

and if this is the case, then

ߤ ݔ݀ ൌ ఈିଵ1ሺ଴,ஶሿିݔߙ݌ ݔ ݔ݀ ൅ ሻିఈିଵ1ሾିஶ,଴ሻݔሺെߙݍ ݔ .ݔ݀



43

Regularly Varying Distributions

Examples: 

• Pareto:  ܨത ݔ ൌ ௖ഀ

௫ା௖ ഀ , ݔ	 ൒ 0, ܿ ൐ 0, ߙ ൐ 0.

• Student t:  ݂ ݔ ൌ
୻ ഌశభ

మ

୻ ഌ
మ గఔ

1 ൅ ୶మ

ఔ

ିഌశభమ
, ݔ ൒ 0.

• log-gamma: ఈ
ഁ

୻ ఉ
log ݔ ఉିଵିݔఈିଵ, ݔ ൒ 1, ,ߙ ߚ ൐ 0.

Result: Using Karmata’s theorem, if a density ݂ is regularly varying with 

index െߙ, ߙ ൐ 1, then

തܨ ݔ ൌ න ݂ ݕ ~ݕ݀ ߙ െ 1 ିଵ݂ݔሺݔሻ
ஶ

௫

is regularly varying with index ߙ ൅ 1. Apply to above examples.
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Dirac measure ߳௫ ⋅ :  ߳௫ ܣ ൌ ቊ1, ݔ	݂݅ ∈ ,ܣ
0, ݔ	݂݅ ∉ .ܣ

Point process: ௡ܰ ⋅ ൌ ∑ ߳௔೙షభ௑೟ ⋅
௡
௧ୀଵ , where ܺ௧ is an iid sequence of 

RV random variables.

Note:  For ܣ bounded away from 0, 

௡ܰ ܣ ,ሺ݊ܤ~ ܲ ܽ௡ିଵܺ ∈ ܣ ሻ

and since ܧ ௡ܰ ܣ ൌ ݊ܲ ܽ௡ିଵ ଵܺ ∈ ܣ → ߤ ܣ ,

௡ܰ ܣ
ௗ
→ܰ ܣ ,

where ܰ ܣ ݏ݅݋ܲ~ ߤ ܣ . More generally, 

௡ܰ
ௗ
→ܰ,

where ܰ is a Poisson process with intensity measure given by ߤ ݔ݀ .
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௡ܰ
ௗ
→ܰ

Point process convergence and applications: This convergence means 

that for any finite collection of disjoint sets ܣଵ,… , ௞ܣ that are continuity 

sets of ߤ and bounded away from zero,

௡ܰ ଵܣ , … , ௡ܰ ௞ܣ
ௗ
→ ܰ ଵܣ ,… ,ܰ ௞ܣ .

Convergence of extremes.  Let ܺ ௡ ൒ ܺ ௡ିଵ ൒ ⋯ ൒ ܺ ଵ be the

decreasing. order statistics.  Since	

ܽ௡ିଵܺ ௡ି௞ାଵ ൑ ݔ ൌ ௡ܰ ∞,ݔ ൑ ݇ െ 1 ,

ܲ ܽ௡ିଵܺ ௡ ൑ ,ଵݔ … , ܽ௡ିଵܺ ௡ି௞ାଵ ൑ ௞ݔ
ൌ ܲ ௡ܰ ∞,ଵݔ ൑ 0,… , ௡ܰ ∞,௞ݔ ൑ ݇ െ 1

→ ܲ ܰ ∞,ଵݔ ൑ 0,… ,ܰ ∞,௞ݔ ൑ ݇ െ 1 .
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In particular, if ܺ ൒ 0,

ܲ ܽ௡ିଵܺ ௡ ൑ ଵݔ → ܲ ܰ ∞,ଵݔ ൑ 0 ൌ exp െߤ ∞,ଵݔ ൌ exp െݔଵିఈ .

ܲ ܽ௡ିଵܺ ௡ ൑ ,ଵݔ ܽ௡ିଵܺ ௡ିଵ ൑ ଶݔ → ܲ ܰ ∞,ଵݔ ൑ 0,ܰ ∞,ଶݔ ൑ 1

							ൌ ቊ ܲ ܰ ∞,ଵݔ ൑ 0 ,																															 ଶݔ	݂݅ ൒ ,ଵݔ
ܲ ܰ ∞,ଵݔ ൑ 0ሻܲሺܰ ,ଶݔ ଵݔ ൑ 1 , ଵݔ	݂݅ ൐ .ଶݔ

							ൌ ቊ
exp െݔଵିఈ ,																															 ଶݔ	݂݅ ൒ ,ଵݔ
exp െݔଶିఈ ሺ1 ൅ ଶିఈݔ െ ଵିఈሻݔ ଵݔ	݂݅ ൐ .ଶݔ

Remark.  Let ܧ௜ be  an iid sequence of unit exponentials and set Γ௜ ൌ

ଵܧ ൅ ⋯൅ .௜ܧ Then the Γ௜ are the points of a homogeneous Poisson 

process, ܰ∗. That is, ܰ∗ ൌ ∑ ߳୻೔.
ஶ
௜ୀଵ
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ܰ∗ ൌ ∑ ߳୻೔
ஶ
௜ୀଵ

Now making the change of measure under the transformation

݄: ݔ →  ,ଵ/ఈିݔ

it follows that ܰ ≔ ܰ∗ ∘ ݄ିଵ is a Poisson process with intensity measure

ߤ ∞,ݔ ൌ ߣ ∘ ݄ିଵ ∞,ݔ ൌ ߣ 0, ఈିݔ ൌ ,ఈିݔ

where ߣ is Lebesgue measure.  It follows that	ܰ ൌ ∑ ߳୻೔
షభ/ഀ

ஶ
௜ୀଵ 	and

		 ௡ܰൌ ෍߳௔೙షభ௑೟

௡

௧ୀଵ

	
ௗ
→෍ ߳୻೔

షభ/ഀ

ஶ

		௜ୀଵ

Hence,

ܽ௡ିଵሺܺ ௡ , … , ܺ ௡ି௞ାଵ ሻ
ௗ
→ ሺΓଵ

ିଵ/ఈ, … , Γ௞
ିଵ/ఈሻ
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		 ௡ܰൌ ∑ ߳௔೙షభ௑೟
௡
௧ୀଵ 	

ௗ
→∑ ߳୻೔

షభ/ഀ
ஶ
		௜ୀଵ

Convergence of spacings:

ܽ௡ିଵሺܺ ௡ െܺ ௡ିଵ , … , ܺ ௡ି௞ାଵ െ ܺ ௡ି௞ ሻ
ௗ
→ ሺΓଵ

ିଵ/ఈ െ Γଶ
ିଵ/ఈ, … , Γ௞

ିଵ/ఈ െ Γ௞ାଵ
ିଵ/ఈሻ

Heuristics for Hill’s estimator:  For k fixed,

ሺܺ ௡ , … , ܺ ௡ି௞ାଵ ሻ/ܺ_ሺሺ݊ െ ݇ሻሻ	
ௗ
→ ሺΓଵ

ିଵఈ, … , Γ௞
ିଵఈሻ/Γ௞ାଵ	

ିଵఈ

1
݇෍ logሺܺሺ௡ି௜ሻሻ െ logሺܺሺ௡ି௞ሻሻ
௞ିଵ

௜ୀ଴

ௗ
→

1
෍݇ߙ െ log Γ௜/Γ௞ାଵ

௞ିଵ

௜ୀ଴

Now the RHS is equal in distribution to ଵ
ఈ௞
∑ െ log ௜ܷ ≜௞ିଵ
௜ୀ଴

ଵ
ఈ௞
∑ ௜௞ିଵܧ
௜ୀ଴ , 

where ሺ ௜ܷሻ is iid unit exponential.
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So,

1
݇෍ logሺܺሺ௡ି௜ሻሻ െ logሺܺሺ௡ି௞ሻሻ
௞ିଵ

௜ୀ଴

ௗ
→

1
௜ܧ෍݇ߙ

௞ିଵ

௜ୀ଴

Letting ݇ → ∞, the RHS converges to ିߙଵ.	 Subtracting ିߙଵ and 

rescaling by ݇,	we obtain

݇
1
௜ܧ෍ሺ݇ߙ

௞ିଵ

௜ୀ଴

െ 1ሻ
ௗ
→ܰሺ0, .ଶሻିߙ

Denoting the LHS above as ߙොିଵthis suggests,

݇ ොିଵߙ െ ଵିߙ
ௗ
→ܰ 0, ଶିߙ .

(The rigorous proof takes a bit more work!)
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Point process representation for general case ܺ ∈ Թ is RV:  For this 

case, let ߠ௜ be an iid sequence such that 
ܲ ௜ߠ ൌ 1 ൌ ܲ	݀݊ܽ	݌ ௜ߠ ൌ െ1 ൌ ݍ ൌ 1 െ .݌

Then

		 ௡ܰൌ ෍߳௔೙షభ௑೟

௡

௧ୀଵ

	
ௗ
→ܰ ൌ ෍ ߳ఏ೔୻೔

షభ/ഀ

ஶ

		௜ୀଵ

The limit point process is again a Poisson process with intensity 

measure	ߤ ݔ݀ ൌ ఈିଵ1ሺ଴,ஶሿିݔߙ݌ ݔ ݔ݀ ൅ ఈିଵ1ሾିஶ,଴ሻିݔߙݍ ݔ .ݔ݀

So, provided ݌, ݍ ൐ 0, we have

ܲ ܽ௡ିଵܺ ௡ ൑ ݔ ൌ ܲ ௡ܰሺݔ,∞ሿ ൌ 0 → ܲ ܰሺݔ,∞ሿ ൌ 0 ൌ exp	ሺെିݔ݌ఈሻ

ܲ ܽ௡ିଵܺ ଵ ൐ െݔ ൌ ܲ ௡ܰሾെ∞,െݔሿ ൌ 0 → ܲ ௡ܰ െ∞,െݔ ൌ 0

ൌ expሺെݍሺെݔሻିఈሻ
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Partial sum convergence:  Suppose ሺܺ௧ሻ is iid RV with ߙ ∈ 0,2 and 

set ܵ௡ ൌ ଵܺ ൅ ⋯൅ ܵ௡. Recall		 ௡ܰൌ ∑ ߳௔೙షభ௑೟
௡
௧ୀଵ 	

ௗ
→ܰ ൌ ∑ ߳ఏ೔୻೔

షభ/ഀ
ஶ
		௜ୀଵ

If ߙ ∈ 0,1 , then

ܽ௡ିଵܵ௡
ௗ
→ܵ ≔෍ߠ௜Γ௜

ିଵఈ
ஶ

௜ୀଵ

ݎݐݏ݅݀	݈ܾ݁ܽݐݏ	ܽ	ݏ݄ܽ	ݐ݈݅݉݅					

If ߙ ∈ 1,2 , then

ܽ௡ିଵሺܵ௡െܾ௡ሻ	
ௗ
→ܵ ≔෍ ௜Γ௜ߠ

ିଵఈ െ ݌ െ ݍ ሺΓ௜ܧ
ିଵఈܫሺΓ௜

ିଵఈ ൑ 1ሻሻ	
ஶ

௜ୀଵ

where ܾ௡ ൌ ܧ݊ ଵܺܫ ଵܺ ൑ ܽ௡ .

Remark: The proofs require a bit more than a direct application of the 

continuous mapping theorem.  
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Linear time series models:  Suppose ሺܼ௧ሻ is iid RV with index ߙ and 
consider

ܺ௧ ൌ ෍ ߰௝ܼ௧ି௝

ஶ

௝ୀିஶ

,

where the ߰௝ are weights in a linear filter.  
Remark: Often one assumes that the filter is causal, in which case the 
sum starts at 0.  That is, ܺ௧ is a function of the past of the noise, 
ܼ௦, ݏ ൑ 	.ݐ
For an AR(1) process, ܺ௧ ൌ ߶ܺ௧ିଵ ൅ ܼ௧, with ߶ ൏ 1,	 we have  

ܺ௧ ൌ෍߶௝ܼ௧ି௝

ஶ

௝ୀ଴

.
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Assumptions on the filter weights: Need convergence of the infinite 
series ܺ௧ ൌ ∑ ߰௝ܼ௧ି௝ஶ

௝ୀିஶ .  Assume

෍ ߰௝
ఋ ൏ ∞, ߜ								 ൏ ,ߙ ߜ ൑

ஶ

௝ୀିஶ

1.

These conditions can be weakened (see Mikosch and Samorodnitsky 
(2000).
Relating tail of ܺ௧ to that of the noise ܼ௧	ሺܯ&ܵ, 2000ሻ:

ܲሺܺ௧ ൐ ሻݔ
ܲሺ ܼ ൐ ሻݔ → ෍ ሺ߰௝ା݌

ఈ ൅ ሺ߰௝ିሻఈሻݍ
ஶ

௝ୀିஶ

		ܽ݊݀		
ܲሺ|ܺ௧| ൐ ሻݔ
	ܲሺ ܼ ൐ ሻݔ → ෍ ߰௝

ఈ.
ஶ

௝ୀିஶ

where ߰௝ା ൌ max 0, ߰௝ , ߰௝ି ൌ max 0,െ߰௝ .

It follows that ܺ௧ is also RV with the same index as the noise ܼ௧.
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Proof of this result:  This really follows by the subexponentiality of RV 
random variables.  That is, for non-negative ܼ௧,

ܲሺܼଵ ൅ ⋯൅ ܼ௡ ൐ ሻݔ
ܲሺܼଵ ൐ ሻݔ → ݔ	ݏܽ				݊ → ∞.

Adding non-negative coefficients in front of the ܼ௧ᇱݏ	doesn’t change 
much, i.e., for ߰௝ ൐ 0,

ܲሺ߰ଵܼଵ ൅ ⋯൅ ߰௡ܼ௡ ൐ ሻݔ
ܲሺܼଵ ൐ ሻݔ → ߰ଵఈ ൅ ⋯൅ ߰௡ఈ				ܽݏ	ݔ → ∞.

The final step is to extend to ݊ → ∞; the case of possibly negative 
valued random variables and coefficients is more of a book-keeping 
problem.
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Stochastic volatility models (SVM):  These models are used for 
modeling log-returns.

Multiplicative models for log-returns

	ݐܺ ൌ ln ݐܲ െ ln ௧ܲିଵ ,     log-returns
																																		ൌ ௧ܼ௧ߪ
where

• ሼܼݐሽ	is IID with mean 0, variance 1 (if exists). (e.g. N(0,1) or
a t-distribution with  df.)

• ሼݐߪሽ	is the volatility process

• t and Zt are independent.

Properties:  
• 	ݐܺܧ ൌ 	0, ,ݐሺܺݒ݋ܥ ܺ௧ା௛ሻ 	ൌ 	0, ݄ ൐ 0 (uncorrelated if Var(Xt) < )
• conditional heteroscedastic (condition on .(tߪ
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Stochastic volatility models (SVM):
	ݐܺ ൌ ௧ܼ௧ߪ

where 

• volatility process ߪ௧ is a sequence of positive random variables

• noise sequence ܼ௧ is iid and independent of ߪ௧
Assumptions used here:

• log-volatility process, log ௧ߪ is a Gaussian linear time series 
process, 

log ௧ߪ ൌ෍߰௝ߟ௧ି௝, 				 ௧ߟ ܰ	ܦܫܫ~ 0, ఎଶߪ .
ஶ

௝ୀ଴

Covariance function of Y୲ ൌ log :௧ߪ

௒ߛ ݄ ൌ ݒ݋ܥ ௧ܻ, ௧ܻା௛ ൌ෍߰௝߰௝ା௛ߪఎଶ
ஶ

௝ୀ଴
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Stochastic volatility models (SVM):
	ݐܺ ൌ ௧ܼ௧ߪ

• ܼ௧ ߙ if (mean 0 and variance 1)	ߙ RV with index	ܦܫܫ~ ൐ 2.	

If ߙ ൐ 2,	then
ݒ݋ܥ ܺ଴, ܺ௛ ൌ 0, ݄ ് 0.

This is what we observe empirically, i.e., log-returns appear 
uncorrelated.  On the other hand,

ߛ ௑ ೛ ݄ ൌ ݒ݋ܿ ܺ଴ ௣, ܺ௛ ௣

ൌ ܧ ଴ߪ
௣ߪ௛

௣ ܧ ܼ଴ ௣ ଶ െ ሺߪܧ଴
௣ܧ ܼ଴ ௣ ଶ

ൌ ܧ ܼ଴ ௣ ଶܿݒ݋ሺߪ଴
௣, ௛ߪ

௣ሻ

Thus, the covariance of higher order moments of the log-returns can 
be modeling in a flexible way through the covariance function of the 
volatility process.  In particular,

ݒ݋ܥ ଴ߪ
௣, ௛ߪ

௣ ൌ ܧ ݁௣௒బା௣௒೓ െ ௣௒బ݁ܧ ଶ

ൌ expሺ݌ଶߛ௒ 0 ሻሺexp ௒ߛ ݄ െ 1ሻ
~const ௒ߛ ݄ ݏܽ ݄ → ∞.
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In particular,
ݒ݋ܥ ଴ߪ

௣, ௛ߪ
௣ ൌ ܧ ݁௣௒బା௣௒೓ െ ௣௒బ݁ܧ ଶ

ൌ expሺ݌ଶߛ௒ 0 ሻሺexp ௒ߛ ݄ െ 1ሻ
~const	ߛ௒ ݄ ݄	ݏܽ					 → ∞,

so that 
ߛ ௑ ೛ ݄ ఙ೛ߛ	ݐݏ݊݋ܿ~ ݄ ௒ߛ	ݐݏ݊݋ܿ~ ݄ ݄	ݏܽ				 → ∞.

Does ܺ௧ have RV tails if ܼ௧ does?  Answer is yes, which follows from 
Breiman’s lemma.

Breiman Lemma:  Suppose ܼ ൐ 0	is RV with index ߙ and ߪ ൐ 0 is a 
random variable independent of ܼ	with ߪܧఉ ൏ ∞ for some ߚ ൐ .ߙ Then

lim
௫→ஶ

	ܲሺܺ ൐ ሻݔ
ܲሺܼ ൐ ሻݔ → ,ఈߪܧ

where ܺ ൌ .ܼߪ

Clearly, this result applies for the SVM, i.e., ܺ௧ is RV of the same order 
as the noise (similar to the  linear time series).
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Generalized Autoregressive Conditional Heteroscedastic (GARCH(p,q)):
	ݐܺ ൌ ௧ܼ௧ߪ

• ܼ௧ ݎܽݒ if (mean 0 and variance 1)	ܦܫܫ~ ܼ ൏ ∞.

• ௧ଶߪ ൌ ଴ߙ ൅ ଵܺ௧ିଵଶߙ ൅ ⋯൅ ௣ܺ௧ି௣ଶߙ ൅ ௧ିଵଶߪଵߚ ൅ ⋯൅ߚ௤ ௧ି௤ଶߪ ௜ߙ , ൐ 0, ௜ߚ ൐ 0.

• The most commonly used model is the GARCH(1,1) and we will focus 
on this one:

௧ଶߪ ൌ ଴ߙ ൅ ଵܺ௧ିଵଶߙ ൅ ௧ିଵଶߪଵߚ

Note that the volatility process satisfies a stochastic recurrence 
equation (SRE), which has the form:

௧ଶߪ ൌ ሺߙଵܼ௧ିଵଶ ൅ ௧ିଵଶߪଵሻߚ ൅ ଴ߙ
						ൌ ௧ିଵଶߪ௧ܣ ൅ ௧ܤ

where ܣ௧ ൌ ଵܼ௧ିଵଶߙ ൅ ଵߚ and ܤ௧ ൌ 	.଴ߙ The general 1-dim’l SRE is 

ܺ௧ ൌ ௧ܺ௧ିଵܣ ൅ ௧ܤ
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Time Series Examples
ܺ௧ ൌ ௧ܺ௧ିଵܣ ൅ ௧ܤ

Iterating backwards,
ܺ௧ ൌ ௧ܺ௧ିଵܣ ൅ ௧ܤ
ൌ ௧ିଵܺ௧ିଶܣ௧ܣ ൅ ௧ିଵܤ௧ܣ ൅ ௧ܤ
ൌ ௧ିଶܺ௧ିଷܣ௧ିଵܣ௧ܣ ൅ ௧ିଶܤ௧ିଵܣ௧ܣ ൅ ௧ିଵܤ௧ܣ ൅ ௧ܤ
⋮

ൌ෍ܣ௧ܣ௧ିଵ ௧ି௜ାଵܤ௧ି௜ାଶܣ⋯

ஶ

௜ୀଵ

where ௧ିଵܣ௧ܣ ௧ି௞ܺ௧ି௞ିଵܣ⋯ → 0 in prob.  Note that the infinite sum is a 
solution to the SRE provided the sum exists.  (See next result.)
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Time Series Examples
ܺ௧ ൌ ௧ܺ௧ିଵܣ ൅ ௧ܤ

Proposition. Let ሺܣ௧, ௧ሻܤ be an iid sequence with ܣ௧ ൒ 0	ܽ. .ݏ Assume one 
of the following conditions hold:

1. ܲ ܣ ൌ 0 ൐ 0

2. ܲ ܣ ൌ 0 ൌ 0,െ∞ ൑ ܧ logܣ ൏ ܧ	݀݊ܽ	0 logା ܤ ൏ ∞.

Then there exists a unique causal soln to the SRE given by the infinite 
series ܺ௧ ൌ ∑ ௧ିଵܣ௧ܣ ௧ି௜ାଵஶܤ௧ି௜ାଶܣ⋯

௜ୀଵ .

GARCH(1,1): ܣ௧ ൌ ଵܼ௧ଶߙ ൅ ,ଵߚ ௧ܤ ൌ ଴.  Unique stationary solnߙ if
ሺlogܧ ଵܼଶߙ ൅ ଵߚ ሻ ൏ ଴ߙ	݀݊ܽ	0 ൐ 0.

A sufficient condition for the former is
ܧ log ଵܼଶߙ ൅ ଵߚ ሻ ൑ logܧሺ ଵܼଶߙ ൅ ଵߚ ൌ logሺߙଵ൅ߚଵሻ ൏ 0

if  ߙଵ ൅ ଵߚ ൏ 1.
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Time Series Examples

If  ߙଵ ൅ ଵߚ ൏ ଴ߙ	݀݊ܽ	1 ൐ 0,	then	ܸܽݎ ܺ௧ ൌ ఈబ
ଵିఈభିఉభ

.

However, it is possible to have a strictly stationary solution even when 
ଵߙ ൅ ଵߚ ൒ 1, but in this case, ܸܽݎ ܺ௧ ൌ ∞.

Theorem (Kesten,1973 and Goldie, 1991).  Let ܣ ൐ 0, ܤ ൒ 0,	be rvs st.

• ߙ	∃ ൐ .ݐݏ	0 ఈܣܧ ൌ 1, ఈlogାܣሺܧ ሻܣ ൏ ∞, ఈܤܧ ൏ ∞.

• Support of ݈݃݋	ܣ is not concentrated on a lattice.

• ݔ	∀ ൐ 0, ܲ ݔܣ ൅ ܤ ൌ ݔ ൏ 1.

Then ∃	ݒݎ	ܺ, independent of ܣ	݀݊ܽ	ܤ,	such that ܺ ൌ B+ܺܣ and
ܲ ܺ ൐ ݔ ~ܿାିݔఈ, ሺܽܿ݅ݐ݋ݐ݌݉ݕݏ	݋ݐ݁ݎܽܲ!ሻ

where ܿା ൌ ሺܧ ܺܣ ൅ ఈܤ െ ܺܣ ఈሻ/ሺܧߙሺܣఈlogܣሻሻ.
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Time Series Examples

Comments:

• If A has a density wrt Lebesgue measure, then 1 and 2 are met.

• The function ݄ ݎ ൌ ௥݁ܧ ୪୭୥ ஺ is strictly convex (݄ᇱᇱ ݎ ൐ 0ሻ and since 
݄ 0 ൌ 1, ݄ ݎ ൏ 	.ݎ	݈݈ܽ݉ݏ	ݎ݋݂	1 Need ݄ ݎ ൒ ݎ	݁݃ݎ݈ܽ	ݎ݋݂	1 in which 
case ∃	ߙ s.t. ݄ ߙ ൌ 1.

GARCH(1,1): 	ܣ௧ ൌ ଵܼ௧ଶߙ ൅ ଵߚ so ߙ satisfies
ܧ ଵܼ௧ଶߙ ൅ ଵߚ ఈ ൌ 1.

This is easy to check when ܼ has a density function (like normal or t.)

Note: if ߙଵ ൅ ଵߚ ൌ 1, then the GARCH(1,1) is called an INGARCH(1,1).
In this case,  ࢻ ൌ ૚ regardless of the distribution for Z, since

ܧ ܼଶ ൌ 1.
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Time Series Examples

GARCH(1,1): So under mild assumptions on the noise distribution, we 
have ߪ௧ଶ is RV, i.e.,

ܲ ௧ଶߪ ൐ ݔ ~ܿାିݔఈ ⟹ ܲ ௧ߪ ൐ ݔ ~ܿାିݔଶఈ.

But ܺ௧ ൌ 	,௧ܼ௧ߪ with ܼ௧	ܽ݊݀	ߪ௧ independent, it follows from Breiman’s
Lemma (with roles of ܼ௧	ܽ݊݀	ߪ௧ interchanged) that

ܲ ܺ௧ ൐ ݔ ାଶఈܼܲܧ~ ௧ߪ ൐ ݔ ଶఈିݔ	ାଶఈܿାܼܧ~

ܲ ܺ௧ ൑ െݔ ଶఈܲିܼܧ~ ௧ߪ ൐ ݔ ,ଶఈିݔଶఈܿାିܼܧ~

where ܼേ is the േ part of ܼ.

Summary:  For GARCH(1,1) process ሺܺ௧ሻ the marginal distribution is 
RV with index 2ߙ, where 

ܧ ଵܼ௧ଶߙ ൅ ଵߚ ఈ ൌ 1.

Note:  Breiman works here with just assuming ܧ ܼ௧ ଶఈ ൏ ∞ since the 
tails of ߪ௧ are asymptotic Pareto(2ߙሻ.
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Time Series Examples

GARCH(1,1): Stationary region for parameters ሺߙଵ, ଵሻߚ for normal 
distribution (below dotted) and t with 4 df (below solid).  Region 
calculated via simulation 1,000,000 reps.
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Time Series Examples

GARCH(1,1): ߪ௧ଶ ൌ ଴ߙ ൅ ଵܺ௧ିଵଶߙ ൅ ௧ିଵଶߪଵߚ ଵߙ , ൌ .10

ܲ ܺ௧ ൐ ݔ ଶఈିݔ	ݐݏ݊݋ܿ~

Normal distribution

ࢼ .90 .80 .70 .60 .50 .40 .30 .20 .10 .00

ߙ2 2.0 12.5 16.2 18.5 20.2 21.7 23.0 24.2 25.4 26.5

ࢼ .90 .80 .70 .60 .50 .40 .30 .20 .10 .00

ߙ2 2.0 3.68 3.83 3.88 3.91 3.92 3.93 3.93 3.94 3.94

t- distribution, normalized to have variance 1

Note: lighter tails ⟺ shorter memory (smaller ߚሻ
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Multivariate regular variation — univariate revisited

Def: The random variable X is regularly varying with index  if

P(|X|> t x)/P(|X|>t)  x and P(X> t)/P(|X|>t) p,

or, equivalently, if 

P(X> t x)/P(|X|>t)  px and P(X< t x)/P(|X|>t)  qx

where 0  p  1 and p+q=1.

Equivalence:
X is RV(if and only if P(X  t  ) /P(|X|>t)v ( )

(v vague convergence of measures on R\{0}).  In this case, 

dx) = (p xI(x>0) + q (-x)-I(x<0)) dx

Note: tA) = t- A) for every t and A bounded away from 0.
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Another formulation (polar coordinates):

Define the  1 valued rv Θ, 	ܲ Θ ൌ 	1 ൌ ,݌ ܲ Θ ൌ െ1 ൌ 1 െ 	݌	 ൌ .ݍ	
Then

ܺ is RV(if and only if

ܲሺ ܺܺ ∈ ܵ, ܺ ൐ ሻݔݐ

ܲሺ ܺ ൐ ሻݐ ఈܲିݔ→ Θ ∈ ܵ .

or

ܲሺ ܺܺ ∈⋅, ܺ ൐ ሻݔݐ

ܲሺ ܺ ൐ ሻݐ
௩
ఈܲିݔ→ Θ ∈⋅ .

(
௩
→ denotes vague convergence of measures on S0= {-1,1}). 

Multivariate regular variation — univariate revisited
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Equivalence:

ܲ ܺ ∈ ݐ ·
ܲ ܺ ൐ ݐ

௩
ሺ⋅ሻߤ→

 is a measure on Rm which satisfies for x > 0 and A bounded away 
from 0,  (xA) = x(A).

Multivariate regular variation of ܺ ൌ ሺܺ1, . . . , ܺ݉ሻ	: There exists a 
random vector Θ ∈ Sm-1 such that

ܲሺ ܺܺ ∈⋅, ܺ ൐ ሻݔݐ

ܲሺ ܺ ൐ ሻݐ
௩
ఈܲିݔ→ Θ ∈⋅ .

(
௩
→ denotes vague convergence on Sm-1, unit sphere in Rm) .  

• ܲ Θ ∈⋅ . is called the spectral measure

•  is the index of ܺ.

Regular variation — multivariate case
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A more intuitive equivalence: ܺ ൌ ሺܺ1, . . . , ܺ݉ሻ	is RV iff

ܲሺ ܺ ൐ ሻݔݐ
ܲሺ ܺ ൐ ሻݐ → ,ఈିݔ ݐ	ݏܽ	 → ∞

and

ܲ ܺ
ܺ ∈⋅ ܺ ൐ ݔ

௪
→ܲ Θ ∈⋅ .

These 2 conditions correspond to :

• radial part of ܺ is RV (univariate)

• angular part if independent of radial part when radial part is large.

Regular variation — multivariate case
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Example: Let ܺ ൌ ܴΘ, where ܴ ൐ 0 is RV with index ߙ and 
independent of Θ ∈ Sm-1 .  Then ܺ is RV, since ܺ ൌ ܴ and ܺ/|ܺ| ൌ
Θ. Hence

ܲሺ ܺ ൐ ሻݔݐ
ܲሺ ܺ ൐ ሻݐ ൌ

ܲሺ ܴ ൐ ሻݔݐ
ܲሺ ܴ ൐ ሻݐ → ,ఈିݔ ݐ	ݏܽ	 → ∞

and

ܲ ܺ
ܺ ∈⋅ ܺ ൐ ݔ ൌ ܲ Θ ∈⋅ |ܴ| ൐ ݔ ൌ ܲ Θ ∈⋅

௪
→ܲ Θ ∈⋅ .

If Θ has a uniform distribution, ܺ has a spherical distribution. 

Regular variation — multivariate case
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Examples:

1. If X1> 0 and X2 > 0 are iid RV(, then X= (X1, X2 ) is multivariate 
regularly varying with index  and spectral distribution

P(  =(0,1) ) = P(  =(1,0) ) =.5 (mass on axes).

Interpretation:  Unlikely that X1 and X2 are very large at the same 
time.

0 5 10 15 20

x_1

0
10

20
30

40
x_

2
Figure: plot of  
(Xt1,Xt2) for realization 
of 10,000.

Regular variation — multivariate case (cont)



73

2. If X1 = X2 > 0, then X= (X1, X2 ) is multivariate regularly varying 
with index  and spectral distribution

P(  = (1/2, 1/2) ) = 1.

3. AR(1): Xt= .9 Xt-1 + Zt ,  {Zt}~IID symmetric stable (1.8)

sqrt(1.81), W.P.  .9898

, W.P.  .0102

-10 0 10 20 30
x_t

-1
0

0
10

20
30

x_
{t+

1}

Figure: plot of (Xt, 
Xt+1) for realization 
of 10,000.

Distr of 
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Figures: plots of (Xt, Xt+1) and estimated distribution of  for 
realization of 10,000.

Example of ARCH(1):   01=1, =2, Xt=(01 X2
t-1)1/2Zt, {Zt}~IID

Examples (cont)

theta
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2
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Example: SV model Xt = t Zt
Suppose Zt ~ RV() and

Then Zn=(Z1,…,Zn)’ is regulary varying with index  and so is
Xn= (X1,…,Xn)’ = diag(1,…, n) Zn

with spectral distribution concentrated on (1,0), (0, 1).

Figure: plot of 
(Xt,Xt+1) for 
realization of 10,000.

Examples (cont)

)N(0, IID~}{   , log log    , 22
110

2   ttttttt ZX
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Example: SV model Xt = t Zt

Examples (cont)

theta

-3 -2 -1 0 1 2 3
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1
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0
0
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• SV processes are time-reversible 
if log-volatility is Gaussian.

• Asymptotically time-reversible if 
log-volatility is nonGaussian
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Regularly Varying Time Series

Definition: A stationary multivariate time series ሺܺ௧ሻ is regularly 
varying with index ߙ if all of its finite dimensional distributions are 
regularly varying with index ߙ.  

This means that for every ݄ ൐ 0, ∃	non-null measure ߤ௛ such that 

௛ߤ	 ,.is homogeneous, i.e	௛ߤ ݐ ⋅ ൌ ሺ⋅ሻߤఈିݐ and 

ܲ ଵିݐ ଵܺ, …ܺ௛ ∈⋅
ܲ ଵܺ ൐ ݐ

௩
௛ߤ→ ⋅

Note: 1) We use ܲ ଵܺ ൐ ݐ in the denominator instead of ܲ ܺ ൐ ݐ ,
where ܺ ൌ ଵܺ, … , ܺ௛ as in the defn.  But this does matter since,

ܲ ܺ ൐ ݐ
ܲ ଵܺ ൐ ݐ → ܿ௛ ≔ ௛ߤ :ݕ ݕ ൐ 1 .

2) RV times series can be viewed as the heavy-tailed analogue of a 
Gaussian time series.
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Regularly Varying Time Series

Examples:

1) Linear time series with RV-noise:  ܺ௧ ൌ ∑ ߰௝ܼ௧ି௝, ܼ௧ ܸܴ	ܦܫܫ	~ ஶߙ
௝ୀ଴

2) SRE ܺ௧ ൌ ௧ܺ௧ିଵܣ ൅ ௧ܤ under the assumptions used earlier.  Here 
we write

ܺ௧ ൌ ௧ିଵܣ௧ܣ ଵܺ଴ܣ⋯ ൅ ܴ௧ ൌ Π௧ܺ଴ ൅ ܴ௧

where ܴ௧ ൌ ௧ܤ ൅ ௧ିଵܤ௧ܣ ൅ ⋯൅ ௧ିଵܣ௧ܣ .ଵܤଶܣ⋯ Since ܣܧଵఈ ൌ 1	and the 
tail of ܴ௧ is much lighter than that of ܺ௧, it follows from Breiman that 

ܺ଴,… , ܺ௛ ~ܺ଴ Πଵ, … , Π௛

is regularly varying.  This implies GARCH time series are RV.

3) SV  ܺݐ ൌ ௧ܼ  ,		ݐܼ	ݐߪ ܸܴ	ܦܫܫ~ ߙ ,	 and log ௧ߪ ൌ ∑ ߰௝ߟ௧ି௝,ஶ
௝ୀ଴

௧ߟ ܰ	ܦܫܫ~ 0, ଶߪ . In this, the measures ߤ௛ are the same as those for 
an IID RV(ߙሻ sequence!
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Point process convergence

Theorem (Davis & Hsing `95, Davis & Mikosch `97).  Let ሼܺݐሽ	be a 
stationary sequence of random m-vectors.  Suppose

(i) finite dimensional distributions are jointly regularly varying (let
(k, . . . , k) be the vector in S(2k+1)m-1 in the definition).

(ii) mixing condition A (an) or strong mixing.

(iii)

Then

(extremal index)

exists.  If , then
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Point process convergence(cont)

• (Γ௜) are points of a Poisson process on (0,) with intensity function
(dy)=y1dy.

• , i  1, are iid point process with distribution Q, and Q is the 

weak limit of 

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Remarks:

1.  GARCH and SV processes satisfy the conditions of the theorem.

2. Limit distribution for sample extremes and sample ACF follows from 
this theorem.
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Setup

 Xt = t Zt ,     {Zt} ~ IID (0,1)

 Xt is RV 

 Choose {bn} s.t.  nP(Xt > bn) 1

Then     
}.exp{)( 1

1   xxXbP n
n

Then, with Mn= max{X1, . . . , Xn},

(i) GARCH:

 is extremal index ( 0 <  < 1). 

(ii)  SV model:

extremal index  = 1 no clustering. 

},exp{)( 1   xxMbP nn

},exp{)( 1   xxMbP nn

Extremes for GARCH and SV processes



84

(i) GARCH:                                                                       

(ii)  SV model: 

}exp{)( 1   xxMbP nn

}exp{)( 1   xxMbP nn

Remarks about extremal index.

(i)  < 1 implies clustering of exceedances

(ii) Numerical example.  Suppose c is a threshold such that   

Then, if   .5, 

(iii) is the mean cluster size of exceedances.

(iv) Use  to discriminate between GARCH and SV models.

(v) Even for the light-tailed SV model (i.e., {Zt} ~IID N(0,1), the 
extremal index is 1 (see Breidt and Davis `98 )  

  95.~)( 1
1 cXbP n

n 

975.)95(.~)( 5.1  cMbP nn

Extremes for GARCH and SV processes (cont)
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** * * *** ***

Extremes for GARCH and SV processes (cont)
Absolute values of ARCH
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Extremes for GARCH and SV processes (cont)

time

0 10 20 30 40 50

0
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4
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* * * * * ** *

Absolute values of SV process
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





Remark:  Similar results hold for the sample ACF based on |Xt| and
Xt

2.
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Summary of results for ACF of GARCH(p,q) and SV models

GARCH(p,q)
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


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Summary of results for ACF of GARCH(p,q) and SV models (cont)

SV Model
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Sample ACF for GARCH and SV Models (1000 reps)
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Sample ACF for Squares of GARCH (1000 reps)

(a) GARCH(1,1) Model, n=10000
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Sample ACF for Squares of SV (1000 reps)
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Example: Amazon-returns (May 16, 1997 – June 16, 2004)
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Amazon returns (GARCH model)

GARCH(1,1) model fit to Amazon returns:

0.000024931= .0385,  = .957, Xt=(01 X2
t-1)1/2Zt, {Zt}~IID t(3.672)
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Amazon returns (SV model)

Stochastic volatility model fit to Amazon returns:
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The extremogram of a stationary time series {Xt} can be viewed as the 
analogue of the correlogram in time series for measuring dependence in 
extremes (see Davis and Mikosch (2009)). 

Definition:  For two sets A & B bounded away from 0, the extremogram
is defined as 

A,B(h) = limxP(Xh ϵ xB | X0 ϵ xA)

= limxP(X0 ϵ xA, Xh ϵ xB)/P(X0 ϵ xA),

for h = 0, 1, …, provided the limit exists, where Xh=(Xh,Xh+1,…,Xh+k).

Remark: This definition requires that the limit exists.  
a)  exists for heavy-tailed time series (see forthcoming slide) 
b)  exists for some light-tailed time series w/ special choices of A and B.
c)  extremal dependence depends on the choice of sets A & B.

The Extremogram



98

If one takes A=B=(1,) and k = 0, then

A,B(h) = limx P(Xh >x | X0 >x) = (X0,Xh)

often called the extremal dependence coefficient ( = 0 means 

independence or asymptotic independence).

Other choices of A and B can lead to interesting extremograms:

• P(X1  < -x | X0 < -x)    (negative return followed by a neg return)

• P(X1  > x | X0 < -x) (neg return followed by a pos return)

• P(X1  + ∙ ∙ ∙ + X4 > 2x | X0 < -x) (neg return followed by a big pos 

return aggregated over next 4 days)

• P(X1 > x, . . . , X4 > x | X0 > x) (pos return followed by a pos 

return in next 4 days)

• P(min{X2, X3, X4 } > x | X0 > x, X1 > x) (2 pos returnspos return)

The Extremogram (cont)
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Let A = B = (1,), then

A,B(h) = limxP(X0  > x, Xh > x)/P(X0 > x)

Gaussian Processes: In this case, 

A,B(h) = 0 for all h > 0  (asymptotic independence).

GARCH: In this case 

 A,B(h) > 0 for all h > 0, 

but decays to 0 geometrically fast.

SV process:  

In this case, 

 A,B(h) = 0 for all h > 0.

The Extremogram: examples
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Let A = B = (1,), then

A,B(h) = limxP(X0  > x, Xh > x)/P(X0 > x)

AR(1): Xt=  Xt-1 + Zt ,  {Zt}~IID Cauchy.  Then

A,B(h) = max(0, h).

Note if  < 0, then extremogram alternates between positive #’s and 0

MaxMA(2): Let (Zt) be iid with Pareto distribution, i.e.,  P(Z1 > x) = x-

for x 1, and set Xt = max(Zt, Zt-1, Zt-2). Then 
A,B(h) = 1    for h = 0. 

= 2/3  for h = 1
= 1/3  for h = 2
= 0,    for h > 2.

The Extremogram: examples
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Facts 

1.   The extremogram of a RV stationary time series {Xt} exists for all 
choices of sets A & B bounded away from the origin.  

2. Many heavy-tailed time series (GARCH and SV) are regularly 
varying.

Regular Variation and the Extremogram



A natural estimator of the extremogram, 
஺,஻ߩ ݄ ൌ 	lim	ݔܲሺܺ௛	߳	ܤݔ	|	0ܺ	߳	ܣݔሻ

based on observations, ܺ1, . . . , ܺ݊, is the empirical extremogram
defined by

where ܽ݉ is the 1 െ 1/݉ quantile of |ܺݐ|.	For the theory to work, need

݉௡		∞ with ݉/݊		0.	

Under suitable mixing conditions, a CLT for the empirical estimate is 
established in D&M (2009). 

The Empirical Extremogram
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After first establishing a joint CLT for the numerator and denominator, we 
obtain the limit result

where m(h) is the ratio of expectations (pre-asymptotic extremogram), 
P (am

-1X0 ϵ A, am
-1Xh ϵ B)/ P (am

-1X0 ϵ A).

Now provided a bias condition, such as

(n/m)1/2 (mP (am
-1X0 ϵ A, am

-1Xh ϵ B) – h(AB))  0,

holds, then m(h) can be replaced with A,B(h).  This condition can often 
be difficult to check. 

The Empirical Extremogram — central limit theorem
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Application to Five-Minute Return Data (US/DM) exchange 
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Extremogram absolute values: choice of threshold am

Application to Five-Minute Return Data (US/DM) exchange 
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Extremogram A=B=(1,)

Application to Five-Minute Return Data (US/DM) exchange 
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Extremogram A=B=(1,)

Application to Five-Minute Return Data (US/DM) exchange 
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Extremogram A=B=(1,)

Application to Five-Minute Return Data (US/DM) exchange 

lag

ex
tre

m
og

ra
m

0 20 40 60 80 100

0.
0

0.
2

0.
4

0.
6

0.
8

lag (h) 
ac

f

0 10 20 30 40

-1
.0

-0
.5

0.
0

0.
5

1.
0

Best fitting AR model is of order 18; refine with nonzero coefficients 
at lags 1, 2, 3, 5, 6, 7, 11, 13, 14, 16, and18.



111

A natural way (not often used in time series) for testing serial 
correlation is to compute the ACF for random permutations of the 
data.  If the sample ACF appears more extreme than the ACFs based 
on random permutations, then there is evidence of serial correlation.  
We apply the same idea to the extremogram.  

Time out: Resampling and Testing for Serial Dependence
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A natural way (not often used in time series) for testing serial 
correlation is to compute the ACF for random permutations of the 
data.  If the sample ACF appears more extreme than the ACFs based 
on random permutations, then there is evidence of serial correlation.  
We apply the same idea to the extremogram.  

Time out: Resampling and Testing for Serial Dependence
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Time out: Illustration with ACF (Windspeed at Kilkenny)
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In plotting the sample ACF, one normally includes the  ±1.96/sqrt(n) 
bounds (95% CI under the assumption of iid noise).  One could use 
the permutation idea here as well.  

Time out: Illustration with ACF
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Time out: Illustration with ACF
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Time out: Illustration with ACF
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Extremogram for residuals from subset AR(18) and from GARCH 
A=B=(1,)

Application to Five-Minute Return Data (US/DM) exchange 
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Extremogram for residuals from subset AR(18) and from GARCH 
A=B=(1,)

Application to Five-Minute Return Data (US/DM) exchange 

Residuals from AR Residuals from GARCH

lag

ex
tre

m
og

ra
m

0 20 40 60 80 100

0.
0

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

lag

ex
tre

m
og

ra
m

0 20 40 60 80 100

0.
0

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

118



121

Extremogram of a SV Process

SV                                                          GARCH                     
Threshold = .97 quantile             

SV Process:   Xt=t Zt,   {Zt} ~ IID t4 ; log t = .9 log t-1 + t
GARCH(1,1):   Xt=(+ X2

t-1 +
t)1/2Zt,   {Zt} ~ IID N(0,1), 
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Extremogram of a SV Process

SV                                                          GARCH                     
Threshold = .97 quantile             
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Extremogram of a Max-MA(2)

Example: Let (Zt) be iid with Pareto distribution, i.e.,  P(Z1 > x) = x-

for x 1, and set Xt = max(Zt, Zt-1, Zt-2). Then    

nP(X1 > xn1/ )  3x- and Fn(xn1/)  exp(-3x- ).

On the other hand,

P( n-1/ Mn  x) = P( n-1/ max(Z-1 ,…, Zn)  x)  exp(-x- )=exp(-1/3 3x- ),

which implies that the extremal index is  θ = 1/3.  

The extremogram with A = B = (1, ∞)  is
limn P(Xh > n1/ | X0 > n1/ ) = 1    for h = 0. 

= 2/3  for h = 1
= 1/3  for h = 2
= 0,    for h > 2.



Extremogram of a Max-MA(2)
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Extremogram: limn P(Xh > n1/ | X0 > n1/ ) =  2/3, 1/3, 0 for                              

h = 1, h=2, and for h > 3, respectively.  Blue = sample



Extremogram of a Max-MA(2)

Extremogram: limn P(min(Xh,Xh+1) > n1/ | X0 > n1/ ) =  2/3, 1/3, 0 for              

h = 0, h=1, and for h > 2, respectively.
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Note: Confidence intervals are narrow—how come?



Extremogram of a Max-MA(2)

Extremogram: limn P(min(Xh,Xh+1) > n1/ | X1 > n1/ ) =  2/3, 1/3, 0 for              

h = 0, h=1, and for h > 2, respectively.
Note: Confidence intervals are narrow—how come?
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Log-returns for DAX and Nikkei (Apr 4, `84-Oct 2, `09
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Extremogram for FTSE, S&P, DAX, Nikkei
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Extremogram for FTSE, S&P, DAX, Nikkei
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The cross-extremogram measures extremal dependence between two 
or more series.  Suppose we have two time series {Xt} and {Yt} 

Definition:  For two sets ܣ	&	ܤ	bounded away from 0, the cross-
extremogram is defined as 

஺,஻ߩ ݄ ൌ 	lim	ݔܲሺ ௛ܻ	
ሻܣݔ	߳	0ܺ	|	ܤݔ	߳

For example, if ܺݐ and ݐܻ represent log-returns of two stocks, then one 
might be interested in extremal dependence of negative returns.  It 
may seem natural to take ܣ ൌ ܤ ൌ ሺെ, െ1ሿ,	so that

ሺ݄ሻ	஺,஻ߩ 	ൌ lim	ݔܲሺܻ݄	 ൏ െݔ	|	0ܺ	 ൏ െݔሻ.	

Cross-Extremogram
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As before, we estimate

஺,஻ሺ݄ሻߩ 	ൌ lim	ݔܲሺܻ݄	߳	ܤݔ	|	0ܺ	߳	ܣݔሻ

by

Problem: For log-returns, heteroskedasticity can produce spurious 
extremograms.  That is, volatility in both series (which tend to happen 
in unison) produce large extremograms.  

Cross-Extremogram
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Cross-Extremogram FTSE and SP
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Strategy:  Devolatilize the component series before computing the 
extremogram.  This is analogous to the issue of spurious cross-
correlations in a time series without whitening the series first.

Cross-Extremogram
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Devolatilizing (deGARCHing) S&P

Extremogram for S&P: significant for large number of lags ~40+

Devolatilize S&P by fitting GARCH(1,1):
ݐܺ ൌ 6.28݁ െ 7 ൅ .057ܺ௧ିଵଶ

	
൅ ௧ିଵଶߪ939. ଵ/ଶܼݐ,

	ሼܼݐሽ	~	ܦܫܫ	ݐሺ6.14ሻ,
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Devolatilizing S&P

Extremogram for S&P: significant for large number of lags ~40+

Devolatilize S&P by fitting GARCH(1,1):
ݐܺ ൌ 6.28݁ െ 7 ൅ .057ܺ௧ିଵଶ

	
൅ ௧ିଵଶߪ939. ଵ/ଶܼݐ,

	ሼܼݐሽ	~	ܦܫܫ	ݐሺ6.14ሻ,
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Devolatilizing (deGARCHing) FTSE

Extremogram for FTSE: significant for large number of lags ~40+

Devolatilize FTSE by fitting GARCH(1,1):

Xt=(e+ X2
t-1 +

t)1/2Zt,   {Zt} ~ IID t(13),
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Devolatilizing FTSE

Extremogram for FTSE: significant for large number of lags ~40+

Devolatilize FTSE by fitting GARCH(1,1):
Xt=(6.28e-7+ X2

t-1 +
t)1/2Zt,   {Zt} ~ IID t(6.14),
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FTSE and DAX have largest extremogram at lag 0.
- proximity of the two countries
- membership in the EU

Second row (conditional on S&P) has significant extremogram at 
lag 1.  Given a significant left tail event today, implies extreme 
left tail event in FTSE, DAX, and Nikkei the following day.  

- FTSE, DAX close at 11:30am (EST), Nikkei at 1:00am EST, 
so the ripple effect of S&P will not be felt to the next day 
(possibly current day for FTSE and DAX).

No symmetry at lag 1 (compare second 
column and second row).  

-Extreme event in FTSE and DAX 
will have an impact the same day 
on S&P (not so much for Nikkei).



We extend the cross-extremogram to 3 time series.  

Definition:  For three sets A, B & C bounded away from 0, the cross-
extremogram is defined as 

஺,஻,஼ሺ݄ሻߩ ൌ lim	ݔܲሺܼ݄	߳	ܥݔ, ௛ܻ	
ሻܣݔ	߳	0ܺ	|	ܤݔ	߳

We estimate A,B,C(h) as before the empirical cross-extremogram.  

To illustrate, we will look at 5 min log-returns , Dec 1, `04-July 26, `06.
ܺt = 5 minute log-returns Bank of America
ܻt = 5 minute log-returns Citibank
ݐܼ = 5 minute log-returns Microsoft

Two cases:

(i)	ߩ஺,஻,஼ሺ݄ሻ ൌ lim	ݔܲሺ|ܼ݄| 	൐ |݄ܻ|	ݎ݋	ݔ 	൐ |0ܺ|	|	ݔ 	൐ ሻݔ	

(ii) ߩ஺,஻,஼ሺ݄ሻ ൌ lim |݄ܼ|ܲሺݔ 	൐ ݔ | |ܻ0| 	൐ ݎ݋	ݔ |ܺ0| 	൐ ሻݔ

Cross-Extremogram for 3 Time Series
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Cross-Extremogram for 3 Time Series

lag

ex
tre

m
og

ra
m

0 10 20 30 40

0.
0

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

lag

ex
tre

m
og

ra
m

0 10 20 30 40

0.
0

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

Xt = BAC,  Yt = Citibank, Zt = MSFT

(i) ܲሺ|ܼ݄| 	൐ |݄ܻ|	ݎ݋	ݔ ൐ |0ܺ|	|	ݔ ൐ |݄ܼ|(ii) ܲሺ									ሻݔ ൐ |0ܻ|	|	ݔ 	൐ |	|0ܺ|	ݎ݋ ൐ (ݔ
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Cross-Extremogram for 3 Time Series

(i) Given BAC is large  CB or MSFT is large in same time period or 
5 minutes hence.

(ii) Given BAC or CB large  MSFT is large in one time period.
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Xt = BAC,  Yt = Citibank, Zt = MSFT

(i) ܲሺ|ܼ݄| 	൐ |݄ܻ|	ݎ݋	ݔ ൐ |0ܺ|	|	ݔ ൐ |݄ܼ|(ii) ܲሺ									ሻݔ ൐ |0ܻ|	|	ݔ 	൐ |	|0ܺ|	ݎ݋ ൐ (ݔ



Connections with Return Times  (of rare events)

This is an idea due to Geman and Chang (2009):

Setup: 

• {Xt} time series—think log-returns, for example.

• v, 1-v are the vth and (1-v)th quantile of the of the marginal   

distribution.

Define the exceedance (or stopping times) times j by 

1=min{ t≥1: Xt < v or Xt < 1-v}

j+1=min{ t ≥j: Xt < v or Xt < 1-v} , j ≥ 0.

The inter-arrival (or return times) are  

Tj = j – j-1   j ≥ 1.

These are the times between occurrences of rare events (number of 

tosses of a coin until next head).
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Connections with Return Times  (of rare events)

For nice time series, like iid observations, the Tj ‘s are iid with a 

geometric distribution,  

P(Tj  = k) = (1-p)k-1p,  k=1,2, …,  

p = P(Xt < v or Xt > 1-v) = 2v.

Recall for a geometric rv,

E(T1) = 1/p.

Note:  This is the backstory behind the term 100 year flood, or 100 

year blank, which corresponds to the threshold x such that the 

expected time until x is exceeded is 100.  (In this case, p = .01, x=

.99.)

Idea:  For v fixed (can do one-sided tail), look at the histogram of 

return times and compare against a geometric distribution.
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Connections with Return Times  (of rare events)

Idea:  For v fixed (can do one sided tail), look at the histogram of 
return times and compare against a geometric distribution.

Example with BAC, v=.05  geometric(p=.1)
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Connections with Return Times (Daily Returns for BAC)
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BAC, 2 tail, v=.05  G(p=.1)                BAC, lower only v=.01 
G(p=.1):
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Connections with Return Times
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Connections with Return Times  (of rare events)

Question: What is the connection with the extremogram?
Answer:  The estimated distribution for the return times is exactly 
the extremogram for specially chosen sets A & B.  For example,
in the upper tail case, ܲሺܶ1	 ൌ 	1ሻ	is estimated by

Remark:  So theory and methodology (permutation/bootstrapping) 
developed for the extremogram applies to the histogram
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The stationary bootstrap, introduced by Politis and Romano (1994) 
seems well suited for the extremogram.
Stationary Bootstrap Setup: Have data X1, . . . , Xn and construct BS 
sample as follows:

• K1, K2, . . . , be iid uniform on {1,…, n} 
• L1, L2, . . . , be iid geometric(pn)

The BS sample                 is given by the first n observations in the 
sequence.

where

Bootstrapping the Extremogram

**
1 ,, nXX 

111 ,,,,,,,,,
222111  NNN LKKLKKLKK XXXXXX 

}.:1inf{ 1 nLLiN i  
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• K1, K2, . . . , be iid uniform on {1,…, n} 
• L1, L2, . . . , be iid geometric(pn)

Remarks
• Procedure is similar to the block bootstrap method
• Each block has a random length given by independent 
geometrics, L1, L2, . . . .
• Mean block size is 1/pn

• Mean number of blocks is npn

• By the previous two bullet points, we require 
pn  0, npn  ∞.

Bootstrapping the Extremogram

111 ,,,,,,,,,
222111  NNN LKKLKKLKK XXXXXX 
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The extremogram, computed from either the sample or BS sample, are 
ratios of partial sums of the form,

Theorem .  Assuming our general setup (mixing conditions + regular 
variation, etc), and the growth conditions, 

npn  ∞,   np2/mn  ∞,

we have                                                                                  

Moreover,

Bootstrapping the Extremogram (cont)
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The sample extremogram and its BS counterpart are:

Theorem .  Assuming our general setup (mixing conditions + regular 
variation, etc), and the growth conditions, 

npn  ∞,   np2/mn  ∞,

we have                                                                               

Bootstrapping the Extremogram (cont)
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Bootstrap of the Extremogram of the Max-MA(2)
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Bootstrap of the Extremogram of the Max-MA(2)
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BS reps = 1000
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Extremogram of a GARCH(1,1)

GARCH(1,1):   Xt=(+ X2
t-1 +

t)1/2Zt,   {Zt} ~ IID N(0,1), n=106

3-dim extremogram (limn P(min(Xh,Xh+1) > n1/ | X0 > n1/ ) )

pn =1 (mean block size is 1)                  pn = .02 (mean block size is 50)

BS reps = 1000

0.
0

0.
05

0.
10

0.
15

0.
0

0.
05

0.
10

0.
15

157



Extremogram of a SV

SV Process:   Xt=t Zt,   {Zt} ~ IID t4 ; log t = .9 log t-1 + t , n=106

3-dim extremogram (limn P(min(Xh,Xh+1) > n1/ | X0 > n1/ ) )

pn =1 (mean block size is 1)                  pn = .02 (mean block size is 50)

BS reps = 1000
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Extremogram of a SV

SV Process:   Xt=t Zt,   {Zt} ~ IID t4 ; log t = .9 log t-1 + t , n=106

3-dim extremogram (limn P(min(Xh,Xh+1) > n1/ | X0 > n1/ ) )
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Application to FTSE (lower tail)
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Application to FTSE (lower tail)

pn =1/200pn =1/50
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